Analysis of the issue of consistency in identification for robust control

S. Gugercin, A.C. Antoulas, and H.P. Zhang Department of Electrical and Computer Engineering Rice University Houston, Texas 77251-1892, USA

e-mail: {serkan,aca,hpzhang}@rice.edu

fax: +1-713-348-5686

August 24, 2001

Abstract

Given measured data generated by a discrete-time linear system we propose a model consisting of a linear, time-invariant system affected by norm-bounded perturbation. Under mild assumptions, the plants belonging to the resulting uncertain family form a convex set. The approach depends on two key parameters: an a priori given bound of the perturbation, and the input used to generate the data. It turns out that the size of the uncertain family can be reduced by intersecting the model families obtained by making use of different inputs. Two model validation problems in this identification scheme are analyzed, namely the worst and the best invalidation problems. It turns out that while the former is a max-min optimization problem subject to a spherical constraint, the latter is a quadratic optimization problem with a quadratic and a convex constraint.

For a given energy level, the worst invalidation problem computes the family of models which can be invalidated for all possible noise sequences; i.e. the union of all possible uncertain families is obtained. The best invalidation problem, on the other hand, yields the family of those models which can never be invalidated for any possible input of fixed energy and perturbation; in other words the intersection of all uncertain families is computed. An important consequence of the best invalidation problem is that for finite length measurements not all models can be invalidated, using fixed-energy inputs.

Key words: Identification, robust control, convex model family, norm-bounded perturbations, linear fractional representations, model validation, model consistency, quadratic optimization.

1 Introduction

Robust control theory assumes the existence of a nominal plant together with uncertainty, often taken to be norm bounded. A number of approaches to system identification which attempt to fit this mold have been proposed in the past decade. One of these approaches belongs to the general category of set membership identification which aims at characterizing the membership set of the parameters consistent with the data, the model structure and the perturbation characteristics. Set membership identification including error bounded identification has been extensively studied in the literature; see e.g. [24], [19], [20], [10], [21], [5], [6], [36], [37], [9].

We propose an approach to robust identification which seeks to provide a nominal model together with a norm-bounded perturbation. More precisely, in this paper we propose an approach which can be cast into the set membership framework. It is assumed that measured input/output data is available; with some a priori knowledge, an upper bound ϵ on the norm of the perturbation which affects the data. We assume that ϵ is such that the uncertainty in the model is convex and parametric; we will call this, the low-noise case. With these ingredients, an uncertain family of plants is obtained; this family is convex, in particular, it is an ellipsoid in parameter space. Consequently, it is given in terms of a linear fraction, the parameter being a contraction. This lends itself well to the application of robust control methods. The parameter however is real, and the robust control problem for this family becomes tractable since it can be converted into a quasi-convex optimization problem with linear matrix inequality (LMI) constraints [26].

We formulate two different, but related, invalidation problems, namely the worst and the best invalidation problems. For a given level of energy of the input and a bound on the perturbation, while the former computes the union of all uncertain families, the latter yields the intersection of all uncertain families. Hence the worst invalidation problem gives the models which can always be invalidated, that is, for all possible input and the noise sequences; on the other hand the best invalidation problem gives the models which can never be invalidated, that is cannot be invalidated for any input and noise sequences. Using the validation result for a single model, we reformulate the worst validation problem in a new and computationally tractable way, namely as a max-min problem subject to a spherical constraint. It should be mentioned at this point that max-min or min-max problems arise naturally in problems involving the optimal estimation of parameters under bounded uncertainty; a recent paper in this vein is [8]. A necessary and sufficient condition is derived on the energy of the input required which is guaranteed to invalidate a given model for all possible noise sequences with a given upper bound on the norm of the perturbation. The set of invalidatable models shrinks as the energy of the input sequence increases. But even for infinite length measurements, not all models can be invalidated for all possible noise sequences On the other hand, the best invalidation problem is formulated as a quadratic optimization problem with two convex constraints. Since there exist no explicit solution for this, we relax the problem and obtain an upper and a lower bound of the solution, that is for the intersection of all uncertain families. An important consequence of the best invalidation problem is that for finite length measurements the intersection is never empty. Hence for a fixed upper bound ϵ, using finite-energy inputs not all the models can be invalidated. Furthermore, the true model can never be invalidated with an input of finite energy. Below we summarize the main ingredients of the proposed approach.

Main ingredients

We conclude the introduction by listing the main ingredients of this approach.

1. Data. Starting point is a set of data (measurements) û_t, ŷ_t ∈ R, t = 0, 1, 2, · · · , N 2. Assumptions.

(a) It is assumed that the data was generated by a discrete-time, linear, time-invariant, finite-dimensional system, and the external variables are measured with noise.

(b) The key assumption of this framework has to do with the perturbation: it is assumed that the perturbation affecting the measured variables is norm bounded;

‖ perturbation ‖< ϵ.

(c) It is also assumed that preprocessing of the data, has yielded the order n of the underlying system. (d) Finally, it is assumed that ϵ is low (see corollary 2.2). This implies that the model uncertainty is convex and parametric.

3. Uncertain family. It follows that the set of plants F satisfying these assumptions is convex and can be parameterized as in figure 3, with δ real and bounded uncertainty.

4. Multiple sets of data. u^{(1)} → y^{(1)} ⇒ F_1 u^{(2)} → y^{(2)} ⇒ F_2 } ⇒ F_{12} = F_1 ∩ F_2

In other words, the uncertain set of plants corresponding to 2 sets of data is the intersection of the sets corresponding to each experiment separately. Consequently, uncertainty can be reduced by intersection.

5. Consistency. The question thus arises: what plants can be invalidated. We formulate two different, but related, invalidation problems: (1) What is the family of the models which can be invalidated for all input of given energy and all possible perturbations; i.e. what is the union of all families F by letting u vary over all possible input sequences of fixed length and, possibly, fixed energy? (2) What is the family of models which can never be invalidated for any possible input of given energy and any perturbation; in other words what is the intersection of all families F obtained by letting u vary over all possible input sequences of fixed length and, possibly, fixed energy? The main purpose of this paper is to elucidate the issue of the consistency described above. This problem will be analyzed assuming that the true model is a priori known. While the first problem leads to a max-min optimization problem which is solved in theorem 3.2, the second one yields a quadratic optimization problem with a quadratic and a convex constraint.

Our approach bears many resemblances with [25]. The main difference between the two papers consists in the assumption on the noise bound: in [25] it is assumed namely, that the amplitude of the noise is bounded, while in our case the energy is bounded.

The rest of the paper is organized as follows. In section 2 an overview of the proposed identification method is presented. Section 3 formulates the worst and best invalidation problems and contains the main results. It addresses the issue of model validation, and the role of ϵ. The paper concludes with four illustrative examples in section 4. In an appendix, the basic issues concerning the non-homogeneous quadratic optimization problem on the ball are summarized.

Contents

1 Introduction 1

2 The identification framework 4

3 Model validation and consistency: an analysis 9 3.1 The worst invalidation problem: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 The best invalidation problem: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.3 Solution of the worst invalidation problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.3.1 The noise-free case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.3.2 The general case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.3.3 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.4 Solution of the best invalidation problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 3.4.1 Optimization of homogeneous quadratic functions [34] . . . . . . . . . . . . . . . . . . . . . . . . . 15 3.4.2 A Lower bound for ϑ^∗_b . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.4.3 An upper bound for ϑ^∗_b . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.5 The proofs for the worst invalidation problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

4 Examples 21 4.1 The worst invalidation problem for a first order system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4.2 The best invalidation problem for a first order system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.3 The worst invalidation problem for a switching system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.4 Model validation and the data length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

5 Conclusions 24

A Appendix: Minimization of a quadratic function subject to a spherical constraint 26

List of Figures

1 The uncertain families for three different inputs and two different SNR values. . . . . . . . . . . . . . . . . . 8 2 The families F and F_1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3 Block diagram of the uncertain plant with ||δ|| ≤ 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 4 Minimal energy ϑ^∗_1 (log scale) necessary to invalidate given model . . . . . . . . . . . . . . . . . . . . . . . 22 5 Comparison of the energies of the worst-case (the noise-free) and the noisy solutions . . . . . . . . . . . . . 22 6 Curves (3.14) and (3.15) for ϑ^∗_1 = 1: the set of parameter values which cannot be invalidated. . . . . . . . . . 22 7 The families B_1, B_2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 8 The families W, B_1, B_2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 9 Minimal energy ϑ^∗_1 (log scale) necessary to invalidate given model . . . . . . . . . . . . . . . . . . . . . . . 23 10 The worst-case minimal energy required to invalidate x̄_i, i = 1, 2, 3, 4, vs data length N (section 4.4). . . . . 23

2 The identification framework

Consider the following input-output data records: û_t, ŷ_t ∈ R, t = 0, 1, · · · , N, (2.1) generated by a linear discrete-time dynamical system. In this paper we seek to model the data as generated by a linear, time-invariant, discrete-time system together with an additive perturbation. This implies that the data can be decomposed in the form: û = u_t + ũ_t, ŷ = y_t + ỹ_t

where the data (u_t, y_t) is generated by a linear time-invariant system and (ũ_t, ỹ_t) is the perturbation.

Consider a model which is compatible with (i.e. may have generated) the input-output data (u_t, y_t):

q(σ)y_t + p(σ)u_t = 0 (2.2)

for appropriate values of t, where σ denotes the forward shift operator, and

p(ξ) := p_0 + p_1ξ + · · · + p_mξ^m, q(ξ) := q_0 + q_1ξ + · · · + q_nξ^n, p_i, q_i ∈ R

where m ≤ n, are two specified nonnegative integers. Also, the model is usually represented by its transfer function H(z) = − p_0 + p_1z + · · · + p_mz^m q_0 + q_1z + · · · + q_nz^n , or its coefficient vector x := (p_0 p_1 · · · p_m q_0 q_1 · · · q_n)^T . (2.3)

Equivalently, (2.2) can be written as a difference equation:

(p_0u_k + p_1u_{k+1} + · · · + p_mu_{k+m}) + (q_0y_k + q_1y_{k+1} + · · · + q_ny_{k+n}) = 0 (2.4)

for k = 0, 1, . . . , s − 1, where s := N − n + 1. In order to write these equations in matrix form, we define the input matrix U and output matrix Y

U = u_0 u_1 · · · u_{s−1} u_1 u_2 · · · u_s . . . . ... . . u_m u_{m+1} · · · u_{m+s−1} ∈ R^{(m+1)×s}, Y = y_0 y_1 · · · y_{s−1} y_1 y_2 · · · y_s . . . . ... . . y_n y_{n+1} · · · y_{n+s−1} ∈ R^{(n+1)×s},

which are Hankel matrices. The data matrix is:

M := 1 √ N [ U Y ] ∈ R^{r×s}, r := m + n + 2. (2.5)

To guarantee that the number of rows of M is not more than that of columns, without loss of generality we assume that N ≥ m + 2n + 1. It readily follows from the difference equation (2.4) that the coefficient vector x in (2.3) is in the left kernel of the data matrix M, i.e.,

x^T M = 0.

Motivated by this observation we define the noisy data matrix M̂ in a way similar to M. We will study the uncertain modeling problem for the case where

M̂ = M + M̃, (2.6)

where M has a non-trivial left kernel, and the perturbation is bounded as follows:

‖ M̃ ‖_2 < ϵ (2.7)

where ‖ · ‖_2 denotes the 2-induced norm (the largest singular value).

Remark 2.1 (a) In (2.6) the matrix M̃, called the perturbation matrix, has the same structure as M and M̂. The parameter ϵ in (2.7) is thus an upper bound of the norm of M̃.

(b) The coefficient vector x in (2.3) completely determines the model. In our formulation, all coefficients (including the highest q_n) are allowed to vary. Later we will show how to parameterize the family of uncertain models (denoted below by F) under the normalization constraint q_n = 1.

We are now ready to describe the family of uncertain models consistent with the data records (2.1), the model structure (2.2) and the perturbation characteristic (2.7):

F := { x ∈ R^r, x ≠ 0; ∃ M, such that x^T M = 0 and ||M̂ − M||_2 < ϵ }

Assume that a decomposition as in (2.6) exists, and x ∈ R^r is an element in the left kernel of M. Then ||x^T M̂||_2 ||x||_2 = ||x^T (M + M̃)||_2 ||x||_2 = ||x^T M̃||_2 ||x||_2 < ϵ. This leads to an equivalent description of the model family F: F = { x ∈ R^r; μ(x, M̂) := ||x^T M̂||_2 ||x||_2 < ϵ } , (2.8) where μ(x, M̂) is called the misfit function (see [3]) between the uncertain model x and M̂.

We now give an explicit characterization of the model family F in terms of the singular values and the (left) singular vectors of the data matrix M̂. Let M̂ have the following singular value decomposition (SVD):

M̂ = W ΣV^T = [ w_r w_{r−1} · · · w_2 w_1 ] σ̂_r 0 ... . . σ̂_1 0 V^T

where W ∈ R^{r×r}, and V ∈ R^{s×s} are orthogonal matrices. The characterization of the uncertain family below can be found in [3]:

Lemma 2.1 If σ̂_{k+1} > ϵ > σ̂_k, then x ∈ F if and only if there exist real numbers δ_i and γ_i satisfying ∑_r i=k+1 δ 2 i − ∑_k i=1 γ^2_i ≤ 0, such that x = ∑_k i=1 β_iγ_iw_i + ∑_r i=k+1 αiδiwi, where αi = 1 √_{σ̂2i −ϵ2} , β_j =^1√_{ϵ2−σ̂2} j , i = k + 1, · · · , r, j = 1, · · · , k. Corollary 2.1 If σ̂_2 > ϵ, then x ∈ F if and only if there exist a constant c such that x = cx_c and

x_c = w_1 + α_2δ_2w_2 + · · · + α_rδ_rw_r where α_i = √ ϵ^2 − σ̂^2_1 σ̂^2_i − ϵ^2 , i = 2, · · · , r and δ^2 + · · · + δ^2_r ≤ 1.

In the sequel we will exclusively make use of the family of uncertain plants obtained in the Corollary 2.1 above. Next, we examine this family under the normalization constraint q_n = 1 in (2.3). Towards this goal, let

M̂ = [^ M_1 m̂^T_2 ] , m̂^T_2 : last row ofM̂, (2.9)

and define A := M̂_1M̂^T_1 − ϵ^2I_{r−1}, b := M̂_1m̂_2, c := m̂^T_2 m̂_2 − ϵ^2 or equivalently, [ A b b^T c ] = M̂M̂^T − ϵ^2 I_r

Now, define the set:

E := {θ ∈ R^{r−1}; θ^T Aθ + 2b^T θ + c < 0} (2.10) The normalized model family F_1 can be expressed as follows:

F_1 := {x ∈ F; x_r = 1} = { x = [ θ 1 ] ∈ R^r; θ ∈ E }

The set E is called the uncertain parameter set. Thus the normalized uncertain model family F_1 is completely determined by the uncertain parameter set E.

Next we characterize the model family F_1, or equivalently, the uncertain parameter set E by studying the quadratic inequality given in (2.10). It turns out that under certain assumptions, E is an ellipsoid. Let M̂_1 have the singular value decomposition (SVD):

M̂_1 = T σ_{r−1} 0 ... . . σ_1 0 Z^T ,

where T := [τ_{r−1} . . . τ_1 ] ∈ R^{(r−1)×(r−1)}, Z ∈ R^{s×s} are orthogonal matrices (the τ_i’s are left singular vectors of M̂_1) and 0 ≤ σ_1 ≤ · · · ≤ σ_{r−1}.

Corollary 2.2 If ϵ < σ_1, then A is positive definite and b^T A^{−1}b − c > 0, and the set E is an ellipsoid with center θ_c = −A^{−1}b and half axis lengths

α_i = √ b^T A^{−1}b − c σ^2_i − ϵ^2 , i = 1, . . . , r − 1. Furthermore, x ∈ F if and only if x = [θ^T 1]^T , and θ has the form: θ = −A^{−1}b + r−1∑ i=1 α_iδ_iτ_i where δ^2_1 + · · · + δ^2_{r−1} ≤ 1

Proof. First we note that by construction ϵ > σ̂_1(M̂). Therefore the assumption ϵ < σ_1(M̂_1) yields σ̂_1(M̂) < ϵ < σ_1(M̂_1). Using the Schur complement decomposition, we have

M̂M̂^T − ϵ^2I_r = [ A b b^T c ] = [ I_{r−1} b^T A^{−1} 1 ] [ A c − b^T A^{−1}b ] [ I_{r−1} A^{−1}b 1 ]

According to the interlacing eigenvalues theorem for bordered matrices [14], the smallest singular value σ_1 of the matrix M̂_1 must be not bigger the second smallest singular value σ̂_2(M̂) of M̂. Therefore, when σ̂_1(M̂) < ϵ < σ_1, we have σ̂_1(M̂) < ϵ < σ_2(M̂), and hence, the inertia^1 of the Hermitian matrix M̂M̂^T − ϵ^2 I_r is {r − 1, 0, 1}. It follows from the above identity and Sylvester’s law of inertia that the matrices M̂M̂^T − ϵ^2 I_r and diag [A, c − b^T A^{−1}b], have the same inertia, namely {r − 1, 0, 1}. However, due to ϵ < σ_1, the matrix A = M̂_1M̂^T_1 − ϵ^2 I_{r−1} is positive definite, i.e., all its eigenvalues are positive, therefore, the number c − b^T A^{−1}b has to be negative. This means that the set E is an ellipsoid [7].

Throughout the paper we assume that the uncertain model family under consideration is an ellipsoid as characterized by Corollary 2.2.

From the vectors τ_i and θ_c we can define the polynomials n_i(z), d_i(z), n_c(z), d_c(z): [ −n_i(z) d_i(z) ] := [ 1 z · · · z^m 0 0 · · · 0 0 0 · · · 0 1 z · · · z^{n−1} ] τ_i [ −n_c(z) d_c(z) − z^n ] := [ 1 z · · · z^m 0 0 · · · 0 0 0 · · · 0 1 z · · · z^{n−1} ] θ_c which determine the uncertain models. Then the transfer function of the corresponding uncertain model has the general parameterization: n_δ(z) d_δ(z) = n_c(z) + ∑_{r−1} i=1 α_iδ_in_i(z) d_c(z) + ∑_{r−1} i=1 α_iδ_id_i(z)

, ‖δ‖ ≤ 1 (2.11)

Remark 2.2 (a) The semi-axis lengths α_i increase with increasing ϵ (upper bound on the norm of the perturbation). For a fixed ϵ the largest semi-axis length, or the radius of the ellipsoid is α_1, is determined by the smallest singular value σ_1 of M̂_1. Moreover, the larger the smallest singular value, the smaller the radius of the ellipsoid.

(b) In the case ϵ ≥ σ_{min}(M̂_1) where M̂_1 is defined in (2.9), the characterization of the uncertain family is non-convex. In this paper we will concentrate on the case ϵ < σ_{min}(M̂_1).

The consequences of this assumption are as follows. First implication is that the order of numerator and denominator have already been determined by preprocessing the data. Second implication is the exclusion of unmodeled dynamics. Consequently, models obtained exhibit parametric uncertainty. Finally, we would like to

1The inertia of a matrix D is a triplet of nonnegative integers {ν(D), δ(D), π(D)} where ν(D), δ(D), and π(D) are respectively the number of eigenvalues of D with Re{λi(D)} < 0, Re{λi(D)} = 0, and Re{λi(D)} > 0.

stress that this assumption, does not impose any practical constraints on the signal-to-noise ratio (SNR) of the measurement variables. A simple simulation illustrates this fact, see Figure 1 below. The simple first order plant −1 z+1/2 is considered. Three different inputs are used: a sinusoidal input (whose frequency is optimal according

to [2]), an impulse, and an exponential (with exponent .95). White gaussian noise is added at the output; the signal-to-noise ratio is SNR=3/2 and SNR=10. Six uncertain families result, five are ellipses, i.e. ϵ ≥ σ_{min}(M̂_1), and one is a hyperbola (the exponential with SNR=3/2), because violate the assumption on ϵ. Thus the uncertain families for SNR=3/2 are much bigger than those corresponding to higher SNR. Notice also that the true plant is the point (−1, −1/2) on this figure.

Figure 1: The uncertain families for three different inputs and two different SNR values.

(c) The transfer function (2.11) is a linear fraction in the parameters δ_i, i.e., δ_i appear linearly in the numerator and denominator.

(d) Many algorithms have been developed to characterize the set exactly or approximately E under the assumption that the measurements are affected by bounded noise. These methods are known as error-bounded estimation. For details, see e.g. [24], [19], [20], [21], [5], [6].

(e) The difference between the family F and F_1 is shown in figure 2. Thus while the former is a cone, the latter is the intersection of this cone with a hyper-plane, which gives the ellipsoid E.

(f) One can determine the uncertain model family corresponding to multiple sets of data. Let the sets of inputoutput data ŵ_{ki}, i = 0, 1, . . . , N_k (cf. (2.1)) and the error bounds ϵ_k, be available, and let ϵ_k satisfy the assumption ϵ < σ_1(M̂_1). The corresponding normalized uncertain model family F_1 is the intersection of the uncertain model families F^k_1 : F_1 = ⋂ k F^k_1 = ⋂ k { x ∈ R^r; μ(x, M̂_k) < ϵ_k } . The strategy of intersecting the model families has the advantage that it reduces the size of the uncertain model family. However, the membership set corresponding to multiple sets of data, although still convex, is no longer described in a simple way. To remedy this situation, one usually approximates the membership set by an ellipsoid in some optimal sense. In our case, the membership set is an ellipsoid for every set of data. Therefore, the membership set corresponding to multiple sets of data is in effect the intersection of several ellipsoids. Efficient algorithms have been developed [7], [30] for computing various suboptimal outer approximations of the intersection of ellipsoids, by formulating the problem as a convex optimization problem with linear matrix inequality (LMI) constraints.

(g) Robust Stability: Now, we briefly review the robust synthesis problem. The goal is to find a controller which maximizes the stability margin. The uncertain plant is given by (2.11), where δ is a real parameter uncertainty. From (2.11), the transfer function of every model in the family F_1 can be expressed compactly in the form:

G_δ(z) = Ñ(z) + δT Ñ_δ(z) M̃(z) + δT M̃_δ(z) (2.12)

where M̃, Ñ, M̃_δ, Ñ_δ are all known stable transfer functions (the first two are scalar, and the last two are column vectors of size r − 1); furthermore M̃ and Ñ are assumed to be coprime, and δ is a real contractive vector of size r − 1, representing the uncertainty. The uncertain plants with linear fractional transfer function (2.12) can be represented as in Figure 3, where the transfer function G = 1 M̃ 2 [ −M̃_δM̃ Ñ_δM̃ − M̃_δÑ M̃ 2 ÑM̃ ] , has size r × 2. Using the ideas first developed in [1], and subsequently used in [26], all controllers that simultaneously stabilize the uncertain model family, can be obtained by solving a quasi-convex optimization problem.

Figure 2: The families F and F_1 G u y δ^T

Figure 3: Block diagram of the uncertain plant with ||δ|| ≤ 1

3 Model validation and consistency: an analysis

The problems of consistency and model validation have been studied extensively starting with Ljung’s book [15]. However, since we have a different framework, these issues need to be reexamined. The main result of our identification method asserts that given a level of misfit ϵ and an input u, all models x with misfit (see (2.8)) satisfying μ(x, M̂) < ϵ are not invalidated by the input u and corresponding output y. On the other hand, all models x satisfying μ(x, M̂) ≥ ϵ are indeed invalidated. Moreover, the true model belongs to the intersection of any 2 uncertain families F and it can never be invalidated.

In light of these remarks, the issue of consistency in our framework can be stated as follows: Given a certain model described by the model parameter x̄ (2.3), does there exist an input function u such that this model is invalidated, i.e. such that μ(x̄, M̂) ≥ ϵ? Based on this question, we state two invalidation problems:

1. The worst invalidation problem: What is the family of the models which can be invalidated for all input of given energy and all possible perturbations; i.e. what is the union of all ellipsoids by letting u vary over all possible input sequences of fixed length and, possibly, fixed energy?

2. The best invalidation problem: What is the family of model which can never be invalidated for any possible input of given energy and any perturbation; in other words words what is the intersection of the ellipsoids obtained by letting u vary over all possible input sequences of fixed length and, possibly, fixed energy?

Below, we will address these issues.

Throughout this section, we denote the true model by x_0. Expression (2.4) shows that every y(t) for t ≥ 0 can be written as a linear combination of the initial conditions y_{−n}, y_{−n+1}, · · ·, y_{−1} and the values of the input sequence u_{−n}, u_{−n+1}, · · ·, u_{t−n+m}. In the sequel, we will assume for simplicity that the system is relaxed, i.e. all initial conditions are zero and no input is applied until the zeroth time step, y_t = u_t = 0 for t < 0; and that the input is noise-free, i.e. Ũ = 0. The assumption that the system is relaxed will yield y_0 = y_1 = · · · = y_{n−m−1} = 0; i.e. there will be as many zero outputs as the relative degree of the true model x_0. So, we begin the observations at the (n − m)^{th} time step. Hence the data matrix M can be written as

M = u_0M_0 + u_1M_1 + · · · + u_{N−n+m}M_{N−n+m}

where all M_i are constant matrices given in terms of x_0 (in particular M_k = σ^kM_0, where σ is an appropriate shift by one column). Furthermore from (2.5), (2.6) follows M̃ = ỹ_{n−m}M̃_0 + ỹ_{n−m+1}M̃_1 + · · · + ỹ_N M̃_N

Proposition 3.1 Given a model described by the coefficient vector x̄, there exist matrices L and L_n such that

x̄^T M = 1 √ N [u_0 u_1 u_2 · · · u_{N−n+m}] =:u L(x_0, x̄), x̄^T M̃ = 1 √ N [ỹ_{n−m} ỹ_{m−m+1} · · · ỹ_N ] =:n L_n(x̄) (3.1)

where u, n ∈ R^{1×ℓ}, L(x_0, x̄), L_n(x̄) ∈ R^{ℓ×s}, ℓ = N − n + m + 1, and s = N − 2n + m + 1. Consequently M, M̂, and M̃ depend linearly on u and n as M(u), M̃(n), and M̂(u, n).

The proof of this proposition is by direct computation and is omitted. The misfit of x̄ can thus be expressed as: μ(x̄, M) = ‖κ‖ ‖x̄‖ where κ = uL(x_0, x̄) + nL_n(x̄) (3.2)

Equality x̄^T M = uL(x_0, x̄) and the fact that the null space of M has dimension one (which is a consequence of the assumption that ϵ < σ_{min}(M̂_1) imply that L(x_0, x̄) has full rank for any given x̄ where x̄ ≠ x_0; moreover

L(x_0, x_0) = 0

Let L(x_0, x̄) have the following SVD:

L = BΠC^T where B ∈ R^{ℓ×ℓ}, Π = [P^T 0]^T ∈ R^{ℓ×s}, P = diag (π_i) ∈ R^{ℓ×ℓ}, π_i > π_{i+1}, C ∈ R^{s×s}. (3.3)

In the sequel we will assume for simplicity that the singular values π_i of L(x_0, x̄) are distinct for x̄ ≠ x_0.

As stated earlier, we will consider two different invalidation problems, namely the worst and the best invalidation problems formulated below in Section 3.1 and Section 3.2, respectively.

3.1 The worst invalidation problem:

In this invalidation problem, we compute all models x̄ which can be invalidated for all possible input sequences u and the noise sequences n. In other words we find the models x̄ which are outside the union of all possible ellipsoids. We know that a given model x̄ is invalidated by the data if, and only if, its misfit with respect to M̂ is larger than or equal to ϵ, i.e. μ(x̄, M̂) ≥ ϵ. Hence we seek to compute the family

W := {x̄ : μ(x̄, M̂) ≥ ϵ ∀u, n such that ‖u‖ ≤ τ and ‖M̃‖ < ϵ}. (3.4)

It follows from (3.2) that the system x̄ is invalidated by this set of measurements if, and only if, ‖uL(x_0, x̄) + nL_n(x̄)‖ ≥ ϵ‖x̄‖. The following optimization problem results; it looks for the solutions u on the boundary of this set:

min ‖u‖ such that ‖uL(x_0, x̄) + nL_n(x̄)‖ = ϵ‖x̄‖, ∀n. (3.5) If the above minimum is less than τ in (3.4), the given model x̄ belongs to W; otherwise it does not.

3.2 The best invalidation problem:

In the best invalidation problem, we compute the models x̄ which cannot be invalidated for any possible input sequences u and the noise sequences n; i.e. we find the models x̄ which belong to the intersection of all possible ellipsoids. Hence we compute the family B := {x̄ : μ(x̄, M̂) < ϵ ∀u, n such that ‖u‖ ≤ τ and ‖M̃‖ < ϵ}. (3.6) In this case the following optimization problem results: max_{u, n} ||uL(x_0, x̄) + nL_n(x̄)‖ such that ‖u‖ ≤ τ and ‖M̃‖ < ϵ.

If the above maximum is less than ϵ‖x̄‖, the given model x̄ belongs to B. It follows from the definition of W and B that B ⊆ W. To simplify the notation, thereafter we let ρ := ϵ‖x̄‖ and ρ_b := ‖nL_n‖. 3.3 Solution of the worst invalidation problem We first consider the noise-free case.

3.3.1 The noise-free case In the noise-free case, i.e. n = 0, the minimization problem in (3.5) reduces to the problem ϑ^∗_0 = min ‖u‖ subject to ‖uL‖ = ρ (3.7) The following result holds^2.

Theorem 3.1 The noise-free case. The solution of the minimization problem (3.7) is: ϑ^∗_0 = ρ π_1

(3.8)

and the corresponding optimal input is given by u^∗ =^ρ_{π1} b^T_1 where π_1 is the largest singular value of L(x_0, x̄), and b_1 is the corresponding left-singular vector.

3.3.2 The general case Let S_1 denote the set of noise sequences n so that the main assumption (2.7) of our framework, namely ‖M̃‖ < ϵ holds, i.e. S_1 = {n : such that ‖M̃‖ < ϵ}. Notice that S_1 is convex. We will determine a worst-case minimal energy which is required to invalidate a given model x̄, for all possible noise sequences. We seek to solve the following worst-case problem ϑ^∗_1 = max_{n∈S1} min ‖u‖ subject to ‖uL(x_0, x̄) + nL_n(x̄)‖ = ρ (3.9)

Since nL_n = x̄^T M̃, it simply follows from the assumption ‖ M̃ ‖_2 < ϵ, that

ρ_b := ‖nL_n‖ < ϵ‖x̄‖ =: ρ (3.10)

2In the sequel ( · )^∗ denotes an optimal quantity and not the transpose of ( · ).

Denote by S_2 the set of noise sequences which satisfy ‖nL_n‖ < ρ, i.e. S_2 = {n : such that ‖nL_n‖ < ρ}. Again, this is convex. Using the result ‖nL_n‖ < ρ we formulate another worst-case optimization problem:

ϑ^∗_2 = max_{n∈S2} min ‖u‖ subject to ‖uL(x_0, x̄) + nL_n(x̄)‖ = ρ (3.11)

The optimization problem (3.11) yields a worst-case minimal energy which is required to invalidate a given model x̄, under all possible noise sequences with ‖nL_n‖ < ρ.

Proposition 3.2 There holds S_1 ⊆ S_2. Consequently, The optimal energy in the first case is less than that in the second case, i.e. ϑ^∗_1 ≤ ϑ^∗_2.

The following gives the solution of the problem (3.11).

Lemma 3.1 Let x̄ be the given model to be invalidated and L, L_n and n be defined by (3.1) and (3.2). Let L have the SVD (3.3), and nL_n be norm bounded by ρ. Then the solution ϑ^∗_2 of the problem (3.11) is the same as the solution of the minimization problem (3.7). Consequently, its solution is given by (3.8), i.e.

ϑ^∗_2 = ρ π_1

. (3.12)

Notice that n = 0 satisfies the condition ‖M̃‖ < ϵ, i.e. 0 ∈ S_1. Moreover, for n = 0 the original consistency problem (3.9) reduces to the noise-free problem (3.7) and its solution is given by (3.8). Thus the upper bound in Proposition 3.2 is indeed attained. Combining this with Lemma 3.1, we have just proved the main result of this section:

Theorem 3.2 The general case. Let x̄ be the given model to be invalidated and L, L_n and n be defined by (3.1) and (3.2). Let L have the SVD (3.3), and n be such that ‖M̃‖ < ϵ. The solution ϑ^∗_1 of the original consistency problem (3.9) is the same as the solution of the minimization problem (3.11), consequently the same as the solution of the minimization problem (3.7). Hence, its solution is given by (3.8), i.e.

ϑ^∗_1 = ρ π_1 . Corollary 3.1 There is no single input u, ‖u‖ ≤^ρ_{π1} which invalidates x̄ for all possible noise sequences n.

Remark 3.1 (a). Theorem 3.2 states that the worst-case minimal energy, which is required to invalidate a given model x̄ for all possible noise sequences, is^ρ_{π1} . But, we note that unlike the noise-free case, the input depends on the noise sequence n; see Corollary 3.1 (b). Theorem 3.2 also states that the worst-case minimal energy ϑ^∗_1, which is required to invalidate the given model for all noise sequences n ∈ S_1, is the same as the minimal energy ϑ^∗_0 for n = 0. To be more general, the worst-case minimal energy ϑ^∗_1 is attained for noise sequences n satisfying nL_n = 0. In other words let L_n = [ Q_1 Q_2 ][ Ω^T 0 ]^T Y^T be the SVD of L_n. Then ϑ^∗_1 is attained for all noise sequences n with n ∈ Span(Q^T_2 ); see the proof of Lemma 3.1, Step 3. It should be noticed that unless L is zero, the energy ϑ^∗_1 is always finite. (c). For the worst invalidation problem, the worst possible case is if we misjudge the perturbation. Thus the effect of the perturbation is maximized, if nL_n = 0 or equivalently x̄^T M̃ = 0.

Theorem 3.2 implies that not all models can be invalidated using inputs of fixed (finite) energy for all possible noise sequences n. Furthermore, from the relationship L(x_0, x_0) = 0, follows that the true model x_0 can never be invalidated using an input of finite energy. We note that Theorem 3.2 holds for infinite length measurements, because in this case L is well defined and so is its largest singular value π_1. This means that even for infinite length measurements the worst-case minimal energy, ϑ^∗_1 =^ρ_{π1} , required to invalidate a given model x̄ for all possible noise sequences, is nonzero; for a concrete illustration, see subsection 3.3.3 part 5.. Similar results can be found in [18], [23], [13] and [29] in the context of robust identification. Hence as in the finite length measurements case, these observations immediately yield

Corollary 3.2 If ϵ ≠ 0, the set of plants which cannot be invalidated using inputs of fixed (finite) energy, for all possible noise sequences, does not shrink to the true model as N → ∞.

3.3.3 Special Cases

1. From the above considerations follows that the model x̄ cannot be invalidated by an input u for all noise sequences n if, and only if, ‖u‖ < ϑ^∗_1 =^{ϵ‖x̄‖}_{π1} . Hence the model x̄ cannot be invalidated by an input u for

all noise sequences n if, and only if, x̄ belongs to the family D = { x̄ : π_1(L) <^{ϵ‖x̄‖}_{‖u‖} } . 2. Model validation when u = 0. If the system is excited only by initial conditions y(0), y(1), · · ·, y(n − 1), the noise-free data matrix has the form: M = [ 0 Y^T ]_T , where Y is defined in (2.5). Let x̄ = [p̄_0 · · · p̄_m q̄_0 · · · q̄_{n−1} 1

q̄^T

]^T , be a given model; it follows that x̄^T M = q̄^T Y . Hence for a given

model x̄ whose transfer function has the same denominator as the true model, x̄^T M = 0 regardless of the numerator. Then from (3.1), it follows that L(x_0, x̄) = 0 for this given x̄. Therefore, this observation leads to the conclusion that a given model x̄ whose transfer function has the same denominator as x_0 cannot be invalidated by using initial conditions alone.

3. Model validation in practice. In the analysis above we have assumed that the true model x_0 is known.

Here we provide a method for invalidating a given model x̄ when x_0 is unknown. Let u(t) be some input sequence and M̂ = M + M̃ be the corresponding data matrix. We need to find an input u_γ and a corresponding data matrix M̂_γ so that ‖x̄^T M̂_γ ‖ ≥ ϵ‖x̄‖. Choose the input u_γ as u_γ = γu where γ is a constant. We feed this input to the same model and the corresponding data matrix has the form M̂_γ = γM + M̃. A moment’s reflection shows that for large enough | γ | the condition ‖x̄T M̂_γ ‖ ≥ ϵ‖x̄‖

will hold. Indeed, for every choice of γ so that | γ |≥^{2 ϵ‖x̄‖}_{‖ x̄T M‖} , x̄ is invalidated. Notice that γ is always finite unless x̄ = x_0. The size of γ will provide some information about how close the model x̄ to be invalidated is to the true plant x_0. This observation can serve as a basis for an identification algorithm. We will not further elaborate on this.

4. Infinite length measurements. Finally, we examine the infinite length measurements case in more detail.

The following result holds.

Proposition 3.3 For infinite length measurements with zero initial conditions, LL^T is a symmetric, positive definite Toeplitz matrix.

The proof is by direct computation and is omitted. An interesting consequence of this is that for infinite length measurements, L is the convolution operator of a linear system S whose transfer function is given by

G_{x̄,x0} (z) = 1 z^n [p(z) − G_{x0} (z)q(z)] . (3.13) where p(z) and p(z) are, respectively, the numerator and denominator of the transfer function G_{x̄} corresponding to the parameter vector x̄; and G_0(z) is the transfer function of the true model x_0. Hence, M^T x̄ is the output of the system S for the input sequence u. In this case, the largest singular value π_1(L) becomes the H_∞ norm of the transfer function G_{x̄,x0} (z).

5. The first order case for infinite length measurements. We now turn our attention to the first order case.

Given is the true model with transfer function G(z) =^b_{z−a} . Let x̄ = [−b̄ − ā 1]^T be the given model to be invalidated. Denote by α = a − ā, and β = b − b̄, respectively, the deviations from the nominal pole a and the nominal gain b respectively. As discussed in the first topic above, x̄ cannot be invalidated for all possible noise sequences n if and only if it belongs to the family D = { x̄ : π_1(L) < ρ ‖u‖ }

where π_1 is the maximum singular value of L.

As stated in the previous topic above, for N → ∞, L is the convolution operator of the linear system with transfer function given by (3.13). For the first order case, these formulas yield:

G_{x̄,x0} (z) = −βz + bā − b̄a z − a . In this case, π_1(L) becomes the H_∞ norm of the above transfer function. It follows that

‖G_{x̄,x0} (z)‖_∞ = | β + α^b_{1−a} | ϖ = 0 if bα(β(1 − a^2) + abα)) > 0 ‖G_{x̄,x0} (z)‖_∞ = | β − α^b_{1+a} | ϖ = π if bα(β(1 − a^2) + abα)) < 0,

where ϖ is the frequency at which G_{x̄,x0} (z) attains its H_∞ norm. Hence, the set of plants that require at least unit energy to be invalidated lie inside the area bounded by the curve

[β α 1]

(1 − a)^2(1 − ϵ)^2 (1 − a)b (1 − a)^2ϵ^2b (1 − a)b b^2 − (1 − a)^2ϵ^2 (1 − a)^2ϵ^2a (1 − a)^2ϵ^2b (1 − a)^2ϵ^2a −(1 − a)^2ϵ^2(1 + a^2 + b^2) β α 1 = 0 (3.14)

in the former case, and by the curve

[β α 1]

(1 + a)^2(1 − ϵ)^2 −(1 + a)b (1 + a)^2ϵ^2b −(1 + a)b b^2 − (1 + a)^2ϵ^2 (1 + a)^2ϵ^2a (1 + a)^2ϵ^2b (1 + a)^2ϵ^2a −(1 + a)^2ϵ^2(1 + a^2 + b^2) β α 1 = 0 (3.15)

in the latter case. A moment’s reflection shows that the above curves are hyporbolas in the α-β plane. Furthermore, the former equation corresponds to Regions 1 and 3, while the latter equation corresponds to Regions 2 and 4 in figure 6. This is a concrete illustration of the union of all ellipsoids for infinite length measurements. Notice finally that the contour in figure 6 can also be obtained as the cross section of surface 4 for unit energy inputs.

3.4 Solution of the best invalidation problem

As stated in Section 3.2, the best invalidation problem reduces to the problem

ϑ^∗_b = max_{u, n} ||uL(x_0, x̄) + nL_n(x̄)‖ such that ‖u‖ ≤ τ and ‖M̃‖ < ϵ. (3.16)

Then the family of plants which cannot be invalidated for any u and n is obtained as B = {x̄ : ϑ^∗_b (x̄) < ρ}. Recall that the family S_1 = {n : such that ‖M̃‖ < ϵ} is convex in n. Hence the maximization problem (3.16) is a quadratic optimization problem with a quadratic constraint in u and a convex constraint n. Many authors have examined the optimization of a quadratic function. Without the constraint in n, the problem is simply the maximization of a quadratic on the ball and its solution is given by [28]. But with the addition of the second constraint the problem becomes harder and has not been examined yet. In general only necessary or sufficient conditions exits [32], and the complete solutions have been obtained only for some special cases [12], [16], [17], [31], [33]. Recently Ye and Zhang [34] have solved the problem of maximizing a homogeneous quadratic function subject to homogeneous quadratic constraints by using semidefinite relaxation as outlined below. The purpose of this section is to provide an upper and a lower bound for the solution of the best invalidation problem by means of semidefinite relaxation.

3.4.1 Optimization of homogeneous quadratic functions [34]

The problem is

minimize x^T Q_0x subject to x^T Q_1x ≤ 1 x^T Q_2x ≤ 1.

(3.17)

We note that

x^T Q_ix = trace(Q_i x x^T ) = trace(Q_iX), rank(X) = 1, X ≥ 0.

This observation immediately yields the so-called semidefinite programming relaxation (SDP) of (3.17) by dropping the rank condition:

minimize trace(Q_0X) subject to trace(Q_1X) ≤ 1 trace(Q_2X) ≤ 1 X ≥ 0. (3.18)

The solution of (3.18) can be found using the LMI tool-box or semidefinite programming solvers. Ye and Zhang [34] have proved that the SDP relaxation of (3.17) admits no gap and the minimum of (3.18) is the same as the minimum of (3.17). For more details on the solution of (3.17), we refer the reader to [34].

Since in the original problem (3.16) the convex constraint ‖M̃‖ < ϵ is hard to handle, we relax the problem and put it into the framework of Ye and Zhang [34]. Basically, we replace the family S_1 with an inner and outer ellipsoid, and; thus obtain a lower and upper bound for ϑ^∗_b . Consequently, we also obtain an upper and lower bound for the family B, i.e the family of plants which cannot be invalidated for any input and noise sequences.

3.4.2 A Lower bound for ϑ^∗_b

To obtain a lower bound for ϑ^∗_b , we determine homogeneous ellipsoid contained in S_1. In other words, we compute an ellipsoid E_{in} = {n : n D_{in} n^T ≤ ϵ^2} such that E_{in} ⊆ S_1.

To compute E_{in}, we proceed as follows. The perturbation matrix M̃ is given by (2.5) where Ũ = 0 and

Ỹ = ỹ_{n−m} ỹ_{n−m+1} · · · ỹ_{N−n} ỹ_{n−m+1} ỹ_{n−m+2} · · · ỹ_{N−n+1} . . . . . . . . ỹ_{2n−m} ỹ_{2n−m+1} · · · ỹ_N = n_1 n_2 . . n_{n+1} , n_i ∈ R^{1×(N+m−2n)}

Then we obtain

M̃^T M̃ = Ỹ^T Ỹ = n^T_1 n_1 + n^T_2 n_2 + · · · + n^T_{n+1}n_{n+1}

= nJ_{in}n^T

where J_{in} = diag (1, 2, · · · , n, n + 1, · · · , n + 1 N−2n , n, · · · , 2, 1). Hence it simply follows that

‖M̃‖^2 ≤ n J_{in}n^T .

Therefore E_{in} = {n : n J_{in} n^T ≤ ϵ^2} ⊆ S_1. The corresponding optimization problem is to maximize v^T Q_0v for Q^T_0 = Q_0 subject to two homogeneous constraints:

ϑ^∗_{in} = max v^T Q_0v subject to v^T Q_1v ≤ τ^2 v^T Q_2v ≤ ϵ^2.

(3.19)

where v^T = [ u n ], Q_0 = [L^T L^T_N ]^T [L^T L^T_N ], Q_1 = diag (I, 0), and Q_2 = diag (0, J_{in}). It is clear that the problem (3.19) is in the framework of [34] and ϑ^∗_{in} can be computed. Since E_{in} ⊆ S_1, we have ϑ^∗_{in} ≤ ϑ^∗_b . Define

B_1 := {x̄ : √ ϑ^∗_{in} < ρ}. Then it simply follows that B ⊆ B_1. In other words, by solving (3.19), we compute an outer bound for the intersection of all uncertain families B.

3.4.3 An upper bound for ϑ^∗_b

To obtain an upper bound for ϑ^∗_b , we proceed similarly and compute an outer homogeneous ellipsoid

E_{out} = {n : n J_{out} n^T ≤ ϵ^2} such that E_{out} ⊇ S_1.

First notice that ||n^T_i n_i|| = n_in^T_i ≤ ‖M̃‖^2.

Hence,_{n+1} ∑ i=1 n_in^T_i ≤ (n + 1)‖M̃‖^2.

It is easy to show that with J_{out} =^1_{n+1} J_{in}, nJ_{out}n^T ≤ ‖M̃‖^2. Hence we obtain E_{out} = {n : n J_{out} n^T ≤ ϵ^2} ⊇ S_1. The following optimization problem results: ϑ^∗_{out} = max v^T Q_0v subject to v^T Q_1v ≤ τ^2 v^T Q̄_2v ≤ ϵ^2.

(3.20)

where v^T = [ u n ], Q_0 = [L^T L^T_N ]^T [L^T L^T_N ], Q_1 = diag (I, 0), and Q̄_2 = diag (0, J_{out}). Since E_{out} ⊇ S_1, we have ϑ^∗_b ≤ ϑ^∗_{out}. Once more the problem (3.20) is in the framework of [34]. Define B_2 := {x̄ : √ ϑ^∗_{out} < ρ}. It readily follows that B ⊇ B_2. Hence (3.20), yields an inner bound for the intersection of all uncertain families B.

Results are shown in Example 4.2 where we compute B_1 and B_2 for a first order system. Proposition 3.4 If ϵ ≠ 0, for inputs of fixed (finite) energy, for finite length measurements N < ∞, the family B includes x_0. Furthermore a neighborhood of models of x_0 is also included in B for inputs of given energy level. Proof: Recall that for the true model x_0, L(x_0, x_0) = 0. Since ‖nL_n‖ = ρ_b < ρ, we obtain max_{u,n} ‖uL(x_0, x_0) + nL_n‖ = max_n ‖nL_n‖ < ρ.

Hence the true model can never be invalidated. Therefore x_0 ∈ B. This proves that B is never empty. To prove the second part, we proceed as follows: Let x̄ be the given model, which is close enough to the true model x_0, so that ‖L(x_0, x̄)‖ = δ_{x̄} is a small number. It simply follows that max_{u,n} ‖uL + nL_n‖ ≤ ‖u‖δ_{x̄} + ρ_b.

Define ζ := ρ − ρ_b > 0. Since the ‖u‖ is finite, we can always find a model x̄ which is arbitrarily close to the true model x_0 so that δ_{x̄} <^ζ_{‖u‖} , and consequently x̄ cannot be invalidated, i.e. x̄ ∈ B. This completes the proof.

3.5 The proofs for the worst invalidation problem This sub-section is devoted to the proof of lemma 3.1. The proof is based on propositions 3.5 and 3.6 given below.

If n is known explicitly for the given system x̄, (3.5) is a non-homogeneous quadratic optimization problem on the ball. The following result describes its solution.

Proposition 3.5 With the singular value decomposition of L(x_0, x̄) as in (3.3), the optimization problem in (3.5) is equivalent to minimizing the norm of Φ(w) = (w − b̂)^T P^{−2}(w − b̂) such that ‖w‖ = ρ, where b̂ = C^T L^T_n n^T , and P is defined by (3.3).

Proof. It is easy to see that the minimization problem defined in (3.5) is equivalent to problem: min ‖û‖^2, such that ‖Aû + b‖^2 = ρ^2, where A = L^T , b = L^T_n n^T and û = u^T ; thus

‖Aû + b‖^2 = û^T A^T Aû + 2b^T Aû + b^T b = û^T BΠΠ^T B^T û + 2b^T CΠ^T B^T û + b^T CC^T b By defining ū = B^T û and b̂ = C^T b, we obtain ‖Aû + b‖^2 = ū^T ΠΠ^T ū + 2b̂^T Π^T ū + b̂^T b̂. Notice that Π^T ū = π_1ū(1) + π_2ū(2) + · · · + π_sū(s) Since {ū(s + 1), · · · , ū(l)} does not appear in the constraint, we simply choose ū(s + 1) = ū(s + 2) = · · · = ū(l) = 0. Then by defining Γ := [ū(1) ū(2) · · · ū(s)], the problem becomes min ‖Γ‖^2 such that ‖P Γ + b̂‖^2 = ρ^2 where P = diag (π_i). Finally by defining P Γ + b̂ = w we obtain the problem of minimizing Φ(w) = (w − b̂)^T P^{−2}(w − b̂) such that ‖w‖ = ρ which is equivalent to (3.5).

Proposition 3.6 Let x̄ be the given model to be invalidated and b̂ = C^T L^T_n n^T be as defined in Proposition 3.5. The max-min problem defined in (3.11) is equivalent to the problem max_{λL,b̂i} s∑ i=1 λ^2_L π^2_i b̂^2_i (1 − λ_Lπ^2_i )^2 such that s∑ i=1 b̂2_i (1 − λ_Lπ^2_i )^2

= ρ^2 and s∑ i=1 b̂^2_i = ρ^2_b < ρ^2 (3.21)

where ρ and ρ_b are defined by (3.10).

Proof: Necessity. We note that the solution to problem min_w Φ(w) such that ‖w‖ = ϵ‖x̄‖ is unique. This simply follows applying Theorem A.1 with B = 2P^{−2}, h = 2P^{−2}b̂^T and f = b̂P^{−2}b̂^T noticing that B is positive definite. Using (A.8) and noticing that P is diagonal, the minimum value of Φ(w) is computed as follows: Φ(w^{λL} ) = ‖P^{−1}(w^{λL} − b̂)‖^2 = ‖P^{−1} [ (P^{−2} − λ_LI)^{−1}P^{−2}b̂ − b̂ ] ‖^2 = ‖P^{−1}(P^{−2} − λ_LI)^{−1}λ_Lb̂‖^2 = s∑ i=1 λ^2_L π^2_i b̂^2_i (1 − λ_Lπ_i)^2

(3.22)

It follows from (A.5) that λ_L and b̂ should satisfy the condition s∑ i=1 π^{−4}_i b̂^2_i (π^{−2}_i − λ_L)^2

= ρ^2 ⇒ s∑ i=1 b̂2_i (1 − λ_Lπ^2_i )^2

= ρ^2 (3.23)

To complete the proof of the necessity, we need to show that ‖b̂‖ < ρ_b. It readily follows that ‖b‖ = ‖nL_n‖ = ‖x̄^T M̃‖ = ρ_b < ρ. (3.24) Combining (3.22), (3.23) and (3.24) together with ‖b̂‖ = ‖C^T b‖ = ‖b‖ completes the proof of the necessity part.

Sufficiency. Let w be the solution to (P^{−2} − λI)w = P^{−2}b̂ and w^T w = ρ^2. Then it follows from (A.6), (A.7) and (A.8), and Theorem A.3 that s∑ i=1 λ^2_L π^2_i b̂^2_i (1 − λ_Lπ_i)^2 such that s∑ i=1 b̂2_i (1 − λ_Lπ^2_i )^2

= ρ^2

translates to the problem

min Φ(w) = (w − b̂)^T P^{−2}(w − b̂) such that ‖w‖ = ρ.

Then noticing ‖b̂‖ = ‖C^T L^T_n n^T ‖ = ‖L^T_n n^T ‖ < ρ, completes the proof of the sufficiency, and consequently the proof of the proposition.

Proof of theorem 3.1: It follows from Proposition 3.5 that in the noise-free case, the minimization problem (3.7) reduces to the problem min Φ(w) = min w^T P^{−2}w such that ‖w‖ = ρ.

It is obvious that the minimizer w^∗ is given by w^∗ = ρe_1 where e_1 is the first unit vector^3 , and the minimum is Φ^∗ =^{ρ2}_{π21} . Then using the definitions of ū, û and Γ introduced in the proof of Proposition 3.5, the claim follows.

Proof of lemma 3.1: The proof is given in 3 steps. In the first step the problem is solved when b̂ has fixed norm, namely ‖b̂‖ = ν. Then, in the second step, by a simple modification the solution is generalized to the case as in (3.21) (equivalent to the max-min problem in (3.11)) where b̂ is norm bounded ‖b̂‖ = ρ_b < ρ. In the third step corresponding worst-case noise and the worst-case minimal energy are obtained.

Step 1: Assume that b̂ = C^T L^T_n n^T has fixed norm as stated above, namely ‖b̂‖ = ν. First, we note that if ν = 0, the problem becomes the noise-free problem, and the solution is given by (3.1). Also it follows from (3.24) that ν < ρ. Hence, for the rest of Step 1, we will assume that ν is a fixed number which is greater than 0 and less than ρ. In that case, we obtain the the following optimization problem: max_{λL,b̂i} s∑ i=1 λ^2_L π^2_i b̂^2_i (1 − λ_Lπ^2_i )^2 such that s∑ i=1 b̂2_i (1 − λ_Lπ^2_i )^2

= ρ^2, and s∑ i=1 b̂^2_i = ν^2

The corresponding Lagrangian is equal to

L(λ_L, b̂_i) = s∑ i=1 λ^2_L π^2_i b̂^2_i (1 − λ_Lπ^2_i )^2 − μ (_s ∑ i=1 b̂2_i (1 − λ_Lπ^2_i )^2 − ρ^2 ) − γ (_s ∑ i=1 b̂^2_i − ν^2 )

Hence, to have a stationary point, we need to satisfy ∂L(λ_L, b̂_i) ∂b̂_i = ∂L(λ_L, b̂_i) ∂λ_L = ∂L(λ_L, b̂_i) ∂μ = ∂L(λ_L, b̂_i) ∂γ = 0.

It follows that ∂L(λ_L, b̂_i) ∂b̂_i = 2b̂_i (1 − λ_Lπ^2_i )^2 [ λ^2_Lπ^2_i − μ − γ(1 − λ_Lπ^2_i )^2 ] = 0, i = 1, · · · n. (3.25)

Next, we take the derivative of L(λ_L, b̂_i) with respect to λ_L: ∂L(λ_L, b̂_i) ∂λ_L = s∑ i=1 2b̂^2_i π^2_i (1 − λ_Lπ^2_i )^3

(λ_L − μ) = 0

3First unit vector e1 is e1 = [ 1 0 · · · 0 ]^T .

We know that λ_L < π^{−2}_i , or equivalently (1 − λ_Lπ^2_i ) > 0. Hence this last relationship yields μ = λ_L Plugging λ_L = μ into (3.25) leads to ⇒ b̂_i ( λ_L + γ 1 − γπ^2_i ) ( λ_L − 1 π^2_i ) = 0 The above equality reveals that we can have at most 2 non-zero b̂_i values. But, since λ_L < π^{−2}_i , this reduces to

λ_L = − γ 1 − γπ^2_i and λ_L = − γ 1 − γπ^2_j for some i, j

However it is clear that these equations are consistent only if i = j. Hence, we can have only one nonzero b̂_i value. Let b̂_p denote this non-zero b̂_i; we obtain

b̂^2_p = ν^2, b̂_i = 0 if i ≠ p, λ_L = γ γπ^2_p − 1

The constraint ∑_s i=1 b̂2_i (1−λ_Lπ^2_i )^2 = ρ

2 now reduces to b̂2_p (1 − λ_Lπ^2_p)^2

= ρ^2 ⇒ (1 − λ_Lπ^2_p) = ν ρ ⇒ λ_L = 1 π^2_p ρ − ν ρ γ is then equal to γ =^1_{π2p}^{ν−ρ}_ν . Finally the corresponding maximum value is obtained as

λ^2_Lπ^2_pb̂^2_p (1 − λ_Lπ^2_p)^2 = 1 π^4_p ( ρ − ν ρ )_2

π^2_p ν^2 ρ^2 ν^2 = (ρ − ν)^2 π^2_p

To maximize the last expression, we cannot simply choose π_p = π_s. Because, with this choice, we may not meet the condition λ_L < π^{−2}_i . Therefore we need we need to find the largest integer k so that 1 π^2_k ρ − ν ρ < π^{−2}_1 and 1 π^2_{k+1} ρ − ν ρ ≥ π^{−2}_1 .

In this case the maximum value is max_{λL,b̂i} s∑ i=1 λ^2_L π^2_i b̂^2_i (1 − λ_Lπ^2_i )^2 = (ρ − ν)^2 π^2_k

. (3.26)

Step 2: Now we generalize the problem to the case where b̂ is norm bounded as in the problem (3.21) which is equivalent to the original max-min problem stated in (3.11). Let b̂ satisfy ‖b̂‖ = ρ_b < ρ where ρ_b is defined in (3.10). Basically we maximize the maximum values obtained in (3.26) with respect to ν so that ν ≤ ρ_b < ρ. Since we have ρ_b < ρ, we solve another optimization problem, namely

sup_ν ρ − ν π_k such that ρ−ν ρ <^{π2k}_{π21} ,^{ρ−ν}_ρ ≥^{π2k+1}_{π21} , and 0 < ν ≤ ρ_b < ρ

π_k = π_1 ν = 0

The maximum is attained in the limit when ν = 0 and π_k = π_1. Since ν = 0, in this case we obtain b̂^∗ = 0, the problem reduces to the noise-free case and the maximum is given by

ϑ^∗_2 = ρ π_1 . Step 3: In this step we obtain the worst-case noise n^∗ using b̂^∗ obtained in Step 2 and the equality b̂^∗ = C^T L^T_n (n^∗)^T . Since C is unitary, b̂ = 0 yields L^T_n (n^∗)^T = 0. Let L_n = [ Q_1 Q_2 ][ Ω^T 0 ]^T Y^T be the SVD of L_n. It readily follows that L^T_n (n^∗)^T = 0 holds for all noise sequences n^∗ with n^∗ ∈ Span(Q^T_2 ). We note that n = 0 satisfies 0 ∈ Span(Q^T_2 ), and hence n = 0, i.e. the noise-free case yields the worst-case minimal energy. This can also seen from the equality that ϑ^∗_2 = ϑ^∗_0. One should notice that the condition n^∗ ∈ Span(Q^T_2 ) yields also the worst-case minimal energy for the original consistency problem (3.9); i.e. ϑ^∗_1 =^ρ_{π1} is attained for n^∗ ∈ Span(Q^T_2 ).

Proof of Corollary 3.1: Since ‖u‖ ≤^ρ_{π1} , we obtain ‖uL‖ ≤ ρ. First assume that ‖uL‖ < ρ. Then choosing n = 0 yields ‖uL + nL_n‖ = ‖uL‖ < ρ; consequently x̄ is not invalidated. Now assume that ‖uL‖ = ρ. If we can find a noise sequence n so that ‖uL + nL_n‖ < ρ, the proof will be complete. This is always possible except for the case where uL is perpendicular to nL_n, ∀n. Recall that L and also L_n are full rank matrices. Hence ‖uL‖ = ρ is the surface of an s dimensional ball and ‖nL_n‖ < ρ is an s dimensional open ball; both live in a space of dimension s. The condition that uL is perpendicular to nL_n will occur if one of these balls is degenerate; i.e. lives in lower dimensional space. But since both L and L_n have full rank, this cannot be the case. Hence the two balls ‖nL_n‖ < ρ and ‖uL + nL_n‖ < ρ have a non-empty intersection. Therefore we can always find a noise sequence n ∈ S_1 so that ‖uL + nL_n‖ < ρ, and hence x̄ is not invalidated.

4 Examples

In this section we will illustrate the concepts developed above by means of four examples.

4.1 The worst invalidation problem for a first order system

We consider a discrete LTI first order dynamical system described by two parameters a and b: G(z) =^b_{z−a} . The numerical values are assumed to be b = 1, a = 0.5, and the number of data points N = 100. ϵ is chosen to be 0.05. We solve the minimization problem defined in (3.9). Figure 4 shows the worst-case minimum energy ϑ^∗_1 on a logarithmic scale, i.e. log_{10}(ϑ^∗_2), required to invalidate a given model under all possible noise sequences represented as a deviation from the true model. On that figure α stands for the deviation from the nominal pole and β stands for the deviation from the nominal gain. Notice that as the deviation from true model becomes smaller, the minimum energy ϑ^∗_1 increases, and finally as x̄ → x_0, ϑ^∗_1 → ∞.

To illustrate the worst-case solution is attained when nL_n = 0, we choose n = 0 for simplicity and compare the solution of problem (3.7) with the solution of (3.5). For the latter, we assume that the noise is known and is additive white Gaussian ỹ_t ∼ N(0, 0.05); and we solve the problem using the tools developed in [27]. To obtain a two dimensional plot for good comparison, α_i and β_i are chosen so that they lie on a line and corresponding plot is reduced to a 2 dimensional one. The results are shown in Figure 5. Figure 5 reveals that the worst-case solution is attained when n is zero, i.e. for the noise-free case.

Figure 6 shows the curves defined in (3.14) and (3.15) for infinite length measurements. It shows that for any choice of a unit energy input function, all models inside the area shown are not guaranteed to be invalidated for all input u and the noise n sequences even for N = ∞. On the other hand, all the models outside the area can be invalidated for all possible noise sequence and inputs of unit energy. Moreover, all the models x̄_∗ on the boundary of this area need unit energy to be invalidated.

Figure 4: Minimal energy ϑ^∗_1 (log scale) necessary to invalidate given model

Figure 5: Comparison of the energies of the worst-case (the noise-free) and the noisy solutions

Figure 6: Curves (3.14) and (3.15) for ϑ^∗_1 = 1: the set of parameter values which cannot be invalidated.

4.2 The best invalidation problem for a first order system

We consider a first order discrete LTI dynamical system given by its transfer function G(z) =^4_{z−0.9} . Due to high numerical complexity of the LMI’s involved, we choose N = 15. ϵ is taken to be 0.05. We solve the maximization problems (3.19) and (3.20); and consequently obtain an upper bound B_2 and a lower bound B_1 for B, the family of model which cannot be invalidated for any input u and noise n. We consider the unit energy inputs, i.e. τ = 1 in (3.19) and (3.20). Moreover, the family W^4 is also computed. The results are shown in Figure 7 and 8. The family B lies between the families B_1 and B_2. The Figure 7 reveals that none of the families in B_2 can be invalidated for any noise sequences and any input of unit energy. On the other hand in Figure 8, all the families outside W can be invalidated for any input of unit energy and any noise sequence. The family B is a subfamily of W as expected.

4.3 The worst invalidation problem for a switching system

Given is a dynamical system which behaves by switching between two discrete LTI first order systems namely

G_1(z) = b_1 z − a_1 and G_2(z) = b_2 z − a_2 4Recall that as N approaches infinity, the set W is bounded by hyporbolas. See Section 3.3.3 Item 5. and Figure 6 above.

Figure 7: The families B_1, B_2. Figure 8: The families W, B_1, B_2.

Thus we assume that the system behaves as G_1(z) for the time interval [0, 1, · · · , N − 1] and as G_2(z) for the time interval [N, N + 1, · · · , 2N]. Moreover, we will assume that

a_1 − a_2 ≠ 0 and/or b_1 − b_2 ≠ 0.

Consequently, there is no LTI model x_0, which satisfies x^T_0 M = 0. It follows that L never becomes zero for any given model, and the solution to (3.9) is always finite in this case. The minimal energy of an input which will invalidate any model is finite, and hence we can define E_{max} = max_{x̄} ϑ^∗_1(x̄), which is finite. Then, there exists a finite energy input satisfying ‖u‖ > E_{max}, which invalidates every model for all possible n. To illustrate this theoretical consideration, we choose b_1 = 1, a_1 = 0.5, b_2 = 1.2, a_1 = −0.2, and N = 50. We solve the minimization problem defined in (3.9). Figure 9 shows the minimum energy ϑ^∗_1 required to invalidate a given system represented in terms of its pole and gain. In figure 9, ā stands for the pole of the given system x̄ and b̄ stands for its gain. Figure 9 illustrates that E_{max} occurs for ā = 0.04 and b̄ = 1.32 and unlike the previous example, it is finite for all models: E_{max} = 1.96. Thus by choosing an appropriate input sequence u such that ‖u‖ > E_{max}, we can invalidate all candidate models x̄.

Figure 9: Minimal energy ϑ^∗_1 (log scale) necessary to invalidate given model

Figure 10: The worst-case minimal energy required to invalidate x̄_i, i = 1, 2, 3, 4, vs data length N (section 4.4).

4.4 Model validation and the data length

In this example we examine the worst-case minimum energy ϑ^∗_1 as a function of the length of the measurements. Let x̄_i i = 1, · · · , 4 be chosen as follows:

x̄_1 = [−1.4 − 0.9 1]^T , x̄_2 = [−0.4 − 0.1 1]^T , x̄_3 = [−1.2 − 0.7 1]^T , x̄_4 = [−0.95 0.1 1]^T

We solve the minimization problem (3.9) for every x̄_i as N varies from N = 10, · · · , 200. Let ϑ^∗_1(x̄_i, N) be the solution for a given N for i = 1, · · · , 4. Figure 10 shows ϑ^∗_1(x̄_i, N) corresponding to the chosen model x̄_i as N changes. Figure 10 indicates that even as N goes to infinity, ϑ^∗_1(x̄_i, N) does not go to zero; it stays constant at a finite nonzero value. This result demonstrates that even for infinite length measurements, a finite amount of energy is needed to invalidate a given model x̄, and the set of plants, which cannot be invalidated for all noise sequences, does not shrink to the true model.

5 Conclusions

In this paper we propose a method to model sets of measured data by means of a linear, time-invariant system together with a norm-bounded perturbation. The role played by the bound of the perturbation and the input (excitation) function are analyzed. An important conclusion is that intersection of model families obtained for different input functions, provide a straightforward way of reducing the uncertainty. The issue of model validation in this framework is addressed in detail. Two problems are formulated, namely the worst and the best invalidation problems.

It follows that for finite length measurements there is a family of plants centered around the true plant, whose members cannot be invalidated for any noise sequences using inputs of fixed energy. The set of models which can be invalidated using some measurements depends on ϵ and the energy of the input u. For fixed ϵ, this set of invalidatable models decreases as the energy of either the input sequence or the initial conditions decreases (although the above considerations assume a relaxed system). Even if infinite length measurements are taken, the set of plants which cannot be invalidated for all possible noise sequences does not shrink to the true model.

Finally, several examples are provided to illustrate the results.

Acknowledgement

The authors wish to thank Alessandro Astolfi, Ted Iwasaki, and the anonymous referees for many constructive comments.

References

[1] B.D.O. Anderson, S. Dasgupta, P. Khargonekar, F.J. Kraus and M. Mansour, Robust strict positive realness: characterization and construction, IEEE Trans. on Circuits and Systems, Vol. 37, No. 7, 869-876, July 1990.

[2] A.C. Antoulas and B.D.O. Anderson, On the choice of inputs in identification for robust control, Automatica, 35: 1009- 1031, 1999.

[3] A.C. Antoulas, On modeling for robust control, Proc. SysId’97, pp. 1707-1709, Japan, 1997.

[4] T. Asai, S. Hara and T. Iwasaki, Simultaneous Parametric Uncertainty Modeling and Robust Control Synthesis by LFT Scaling, submitted to Automatica, 1998.

[5] E.W. Bai, K. Nagpal, and R. Tempo, Bounded error parameter estimation: noise models and recursive algorithms, Automatica, 32: 985-999, 1996.

[6] E.W. Bai, R. Tempo, and K. Nagpal, Recursive system identification in the presence of noise and model uncertainties, System and Control Letters, 32: 57-62, 1997.

[7] S. Boyd, L. Ghaoui, E. Feron, and V. Balakrishnan, Linear Matrix Inequalities in System and Control Theory, SIAM Studies in Applied Mathematics, v. 15, Philadelphia, 1994.

[8] S. Chandrasekaran, G.H. Golub, M. Gu, and A.H. Sayed, Parameter estimation in the presence of bounded data uncertainty, SIAM J. Matrix Anal. Appl., 19: 235-252, 1998.

[9] J. Chen and C. N. Nett, The Caratheodory=Fejer problem and H_∞/ℓ_1 identification: a time domain approach, IEEE Transactions on Automatic Control, vol. 40, no. 4, pp. 729-735, 1995.

[10] H. Falkus, Parametric Uncertainty in System Identification, PhD Thesis, Eindhoven Univ. of Tech., 1994. [11] G. E. Forsythe, G. H. Golub, On the Stationary Values of a Second-Degree Polynomial on the Unit Sphere, J. Soc.

Indust. Appl. Math., 13: 1050-1068, 1965.

[12] M. Heinkenschloss, On the solution of a two ball trust region subproblem, Math. Programming, Vol. 64, pp. 249-276, 1994.

[13] A. J. Helmicki, C. A. Jacobson, and C. N. Nett, Control oriented system identification: a worst-case/deterministic approach in H_∞, IEEE Transactions on Automatic Control, vol. 36, no. 10, pp. 1163-1176, 1991.

[14] R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge University Press, London, U.K., 1985. [15] L. Ljung, System identification: Theory for the user, Prentice Hall (1978).

[16] J. M. Martinez, Local minimizers of quadratic functions on Euclidean balls and spheres, SIAM J. Optim., 4, pp.159-176, 1994.

[17] J. M. Martinez and S. A. Santos, A trust region method for minimization on arbitrary domains, Math. Programming 68, pp. 267-302 (1995).

[18] M. Milanese and R. Tempo, Optimal Algorithms Theory for Robust Estimation and Prediction, IEEE Transactions on Automatic Control, Vol. AC-30, pp. 730-738, 1985.

[19] M. Milanese, R. Tempo, A. Vicino, Eds., Robustness in identification and control, New York, Plenum, 1989. [20] M. Milanese and A. Vicino, Optimal estimation theory for dynamic systems with set membership uncertainty: an overview, Automatica, 27: 997-1009, 1991.

[21] M. Milanese, J. Norton, H. Piet-Lahanier, and E. Walter, Eds., Bounding approaches to system identification, London, Plenum, 1996.

[22] J. J. Moré, D. C. Sorensen Computing a Trust Region Step, SIAM J. Sci. Statist. Comput., 4: 553:572, 1983. [23] B. Ninnes and G. C. Goodwin, Estimation of Model Quality, Automatica, Vol 22, Number 12, pp. 32-74, 1995. [24] J.P. Norton, Identification and application of bounded-parameter models, Automatica, 23: 497-507, 1987. [25] K. Poolla, A. Tikku, On the Time Complexity of Worst-Case System Identification, IEEE Transactions on Automatic Control, Vol. 39, No. 5, 944-950, 1994.

[26] A. Rantzer and A. Megretski, A convex parameterization of robustly stabilizing controllers, IEEE Transactions on Automatic Control, Vol. 39, No. 9, 1994.

[27] D. C. Sorensen, Minimization of a Large-Scale Quadratic Function subject to a Spherical Constraint, SIAM J. Optim., Vol. 7, No. 1, 141-161, 1997.

[28] D. C. Sorensen, Newton’s Method with a Model Trust Region Modification, SIAM J. Numer. Anal., Vol. 19, No. 2, 409-426, 1982.

[29] D. N. C. Tsem M. A. Dahleh, and J. N. Tsitsiklis, Optimal asymptotic identification under bounded disturbances, IEEE Transactions on Automatic Control, vol. 38, no.8, pp.1176-1190, 1993.

[30] L. Vandenberghe, S. Boyd, and S.P. Wu, Determinant maximization with linear matrix inequality constraints, to appear, SIMAX, ftp: isl.stanford.edu/pub/ boyd/MAXDET.html, April, 1998.

[31] Y. Yuan, A dual algorithm for minimizing a quadratic function with two quadratic constraints, J. Comput. Math., 9, pp.

348-359, 1991.

[32] Ji-Ming Peng and Y. Yuan, Optimality conditions for the minimization of a quadratic with two quadratic constraints, SIAM J. Optim., Vol. 7, No. 3, pp. 579-594, 1997.

[33] Y. Zhang, Computing a Celis-Dennis-Tapia trust-region step for equality constrained optimization, MAth. Programming, 55, pp. 109-124, 1992.

[34] Ye Zhang and Shuzhing Zhang, New Results on Quadratic Optimization, Technical Report SEEM2001-03, Department of Systems Engineering and Engineering Management, The Chinees Universiy of Hong Kong, April 2001.

[35] H.P. Zhang, System Identification for Robust Control, M.S. Thesis, Dept. of ECE, Rice University, April 1998. [36] Tong Zhou, Model uncertainty in frequency response based system identification, Systems and Control Letters, 32:

121-133, 1997.

[37] T. Zhou and H. Kimura, Structure of model uncertainty for a weakly coupled plant, IEEE Transactions on Automatic Control, vol. 40, no. 4, pp. 639-655, 1995.

A Appendix: Minimization of a quadratic function subject to a spherical constraint

For completeness we state here some standard results from [28] and [11].

Theorem A.1 [28] Let ϕ(w) = f + h^T w +^1_2 w^T Bw with B = B^T ∈ R^{n×n}; w,h ∈ R^n and f ∈ R. Let λ ∈ R, p ∈ R^n and h satisfy (B + λI)p = −h with B + λI positive semidefinite. Let ρ ∈ R.

1. If λ = 0 and ‖p‖ = ρ, then p solves ϕ(p) = min{ϕ(w) : ‖w‖ = ρ}. 2. If ‖p‖ = ρ then p solves ϕ(p) = min{ϕ(w) : ‖w‖ ≤ ρ}. 3. If λ ≥ 0, ‖p‖ = ρ then p solves ϕ(p) = min{ϕ(w) : ‖w‖ = ρ}.

If B + λI is positive definite then p is unique in each of the cases (1), (2) and (3).

Theorem A.2 [11] Let T ∈ R^{n×n} be a symmetric square matrix and c ∈ R^n a known vector. Define Φ(w) as Φ(w) = (w − c)^T T (w − c) such that ‖w‖ = ρ. (A.1) Let λ_1 ≤ λ_2 ≤ · · · ≤ λ_n be the real eigenvalues of T with the corresponding eigenvectors {v_1, v_2, · · · , v_n} such that T v_i = λv_i, i = 1, · · · , n. Let the given c be written as c = n∑ i=1 c_iv_i (A.2)

Then, if any real λ and vector w satisfies (T − λI)w = T c (A.3) w^T w = ρ^2, (A.4) then w renders Φ(w) stationary with ‖w‖ = ρ. Let w = ∑_n i=1 w_iv_i. Then, (A.3) is equivalent to ∑_n i=1(λ_i − λ)w_iv_i = ∑_n i=1 λ_ic_iv_i.

The spectrum of the pair (T, c), is the set of all real λ for which there exists an w such that (A.3) and (A.4) are satisfied; i.e., such that Φ(w) is stationary with ‖w‖ = ρ. The following theorem gives the complete sets of stationary values for the quadratic expression defined in (A.1).

Theorem A.3 [11] Let T ∈ R^{n×n} be a symmetric square matrix and c ∈ R^n a known vector; define c_i as in (A.2). Then the spectrum of (T, c) consists of all real λ such that g(λ) = n∑ i=1 λ^2_i | c_i |^2 | λ_i − λ |^2 = ρ^2 (0/0 = 0, 1/0 = ∞), (A.5)

together with each eigenvalue λ_k of T for which g(λ_k) < ρ^2. For each λ in the spectrum with g(λ) = ρ^2, a unique w^λ is found by solving (A.3) and (A.4). For each λ in the spectrum with g(λ) < ρ^2, there exists an (m − 1)-sphere of w^λ with norm ρ satisfying (A.3) and (A.4), where m is multiplicity λ as an eigenvalue of T . Let the spectrum of (T, c) consists of the numbers {Λ_1, · · · , Λ_p} with λ_L = Λ_1 < Λ_2 < · · · < Λ_p = Λ_R (A.6) For i = 1, 2, · · · , p, let w^i be any w^{Λi} . Then Φ(w^1) < Φ(w^2) < · · · < Φ(w^p). (A.7) In particular, Φ(w^1), Φ(w^p) are, respectively, the minimum and maximum values of Φ(w) with ‖w‖ = ρ. When the solution is unique, the minimizer w^1 = w^{λL} for the problem min Φ(w) such that ‖w‖ = ρ is given by w^1 = w^{λL} = (T − λ_LI)^{−1}T c. (A.8)