
ELEC 302 Solutions: Test #1: Solution 2/21/07

Problem [1].
u

y

L

x1

x2
RL

RC

w
Cap

Consider the circuit shown in the figure. Two
systems are defined: Σy : u; x1, x2; y and
Σw : u; x1, x2; w. The input u, the state variables
x1, x2 and the two different outputs (measurements)
y, w are as shown.

(a) Write state equations using the state variables x1, x2, and determine the corresponding A, B. For
each one of the systems Σy, Σw, determine the output equations, that is determine C, D.

Solution. KCL:

w + y = x2 (1)
w = Cẋ1 (2)

KVL:

u = x1 + RLx2 + Lẋ2 (3)
yRL = x1 (4)

From this we write the state and output equations:

ẋ1 = − 1
CRC

x1 +
1
C

x2 (5)

ẋ2 = − 1
L

x1 − RL

L
x2 +

1
L

u (6)

y =
1

RC
x1 (7)

w = − 1
RC

x1 + x2 (8)

The system matrices result:

A =
[ − 1

CRC

1
C

− 1
L −RL

L

]
, B =

[
0
1
L

]
(9)

C =
[

Cy

Cw

]
=
[ 1

RC
0

− 1
RC

1

]
, D =

[
0
0

]
(10)

(b) Compute the transfer function of each system, and hence determine the resulting I/O differential
equations relating u, y, on the one hand, and u, w on the other.



Solution. The transfer function is:

H(s) =
[

Hy(s)
Hw(s)

]
= C(sI − A)−1B + D (11)

=
[ 1

RC
0

− 1
RC

1

] [
s + 1

CRC
− 1

C
1
L s + RL

L

]−1 [
0
1
L

]
(12)

=
[ 1

RC
0

− 1
RC

1

]
1

s2 + sL+RCRLC
LCRC

+ RL+RC

LCRC

[
s + RL

L
1
C− 1

L s + 1
CRC

] [
0
1
L

]
(13)

=
1

s2 + sL+RCRLC
LCRC

+ RL+RC

LCRC

[ 1
RC

0
− 1

RC
1

] [
1

LC
1
L (s + 1

CRC
)

]
(14)

=
1

s2 + sL+RCRLC
LCRC

+ RL+RC

LCRC

[
1

LCRC
1
Ls

]
(15)

=

⎡
⎢⎢⎢⎣

1
LCRC

s2+s
L+RCRLC

LCRC
+

RL+RC
LCRC

1
L s

s2+s
L+RCRLC

LCRC
+

RL+RC
LCRC

⎤
⎥⎥⎥⎦ (16)

From here, the I/O differential equations of for Σy and Σw respectively are:

LCRCy(2) + (RLRCC + L)ẏ + (RL + RC)y = u (17)
LCRCw(2) + (RLRCC + L)ẇ + (RL + RC)w = CRC u̇ (18)

For questions (c) – (e) assume Cap = 2F , RC = 1Ω, RL = 5
3Ω, L = 2

3H ,

(c) Determine the poles λi and the zeros zi for each system. Are the two systems BIBO stable? Explain.
Compute the matrix exponential eAt.
Solution. The transfer function has the form:

H(s) =

[
p1(s)
q(s)
p2(s)
q(s)

]
(19)

So the poles for both Σy and Σw are the roots of q(s). Using (16) with the given values:

q(s) = s2 + 3s + 2 ⇒ λ1 = −2, λ2 = −1 ⇒ BIBO stability

p1(s) =
3
4

⇒ zw = ∞, since lim
s→∞Hw(s) = 0

p2(s) =
3
2
s ⇒ zy = 0

Next, we compute the matrix exponential:

eAt = L−1[(sI − A)−1] (20)

= L−1

[
1

(s + 1)(s + 2)

(
s + 5

2
1
2− 3

2 s + 1
2

)]
(21)

= L−1

[ −1/2
s+2 + 3/2

s+1
−1/2
s+2 + 1/2

s+1
3/2
s+2 + −3/2

s+1
3/2
s+2 + −1/2

s+1

]
(22)

=
[ − 1

2e−2t + 3
2e−t − 1

2e−2t + 1
2e−t

3
2e−2t − 3

2e−t 3
2e−2t − 1

2e−t

]
1(t) (23)



(d) Compute the zero input response of the state xzi(t) as a function of the initial conditions. Compute
also the I/O step response for each system Σy, Σw and identify the steady-state and transient parts.
Solution.

xzi(t) = eAt

[
x1(0−)
x2(0−)

]
(24)

=
[

(1
2x1(0−) + 3

2x2(0−))e−t + (− 1
2x1(0−) − 1

2x2(0−))e−2t

(− 3
2x1(0−) − 1

2x2(0−))e−t + (3
2x1(0−) + 3

2x2(0−))e−2t

]
(25)

The Laplace transform of the step response is given by:

R(s) =
[

Ry(s)
Rw(s)

]
=
[

Hy(s)1
s

Hw(s)1
s

]
(26)

=

[
3/4

(s+1)(s+2)s
3/2s

(s+1)(s+2)s

]
(27)

=

[
3/8
s + 3/8

s+2 − 3/4
s+1

− 3/2
s+2 + 3/2

s+1

]
⇒ (28)

r(t) =
[

ry(t)
rw(t)

]
=
[

3
8 + 3

8e−2t − 3
4e−t

− 3
2e−2t + 3

2e−t

]
1(t) (29)

(e) In (d), determine a set of initial conditions at t = 0 so that for u(t) = 1, t > 0, the output y(t),
t ≥ 0, contains no transient part.
Solution. The full response is y(t) = CyeAtx(0−) + r(t). Using (25),

CeAtx(0−) = −1
2
e−2t(x1(0−) + x2(0−)) + e−t(

3
2
x1(0−) +

1
2
x2(0−))

so to have no transient components in y(t), using ry(t), we set:{
3
2x1(0−) + 1

2x2(0−) = 3
4− 1

2x1(0−) − 1
2x2(0−) = − 3

8

(30)

From here we have x1(0−) = x2(0−) = 3
8 .

Problem [2]. (f) Compute the SVD of the matrices R =
(

1 1 0
0 0 1

)
and S =

⎛
⎝ 3 0 −1

0 1 0
1 0 −3

⎞
⎠; in

particular compute the singular values, the left and right singular vectors, of R and S as well as the
dyadic decomposition of S. What is the best rank one approximation of S and what is the associated
error (in the usual 2 norm)?

Solution. Since RR∗ = diag (2, 1), it follows that U = I2 and the singular values are
√

2, 1. Moreover
R has orthogonal columns so V is such that its first and second columns are the same as the first and
second rows of R (normalized if necessary); the third column of V is any vector orthonormal to the first
two columns. Therefore, we get the following Singular Value Decomposition for R.

R =
(

1 1 0
0 0 1

)
=
(

1 0
0 1

)
︸ ︷︷ ︸

U

( √
2 0 0
0 1 0

)
︸ ︷︷ ︸

Σ

⎛
⎝ 1√

2
1√
2

0
0 0 1

1√
2

− 1√
2

0

⎞
⎠

︸ ︷︷ ︸
V ∗



Please note the dimensions of the matrices. Σ must always be the same size as R, while U and V are
square matrices with dimensions equal to the number of rows of R and the number of columns of R
respectively.

Concerning S we notice that if we eliminate the second row and the second column we get the 2 × 2

matrix Ŝ =
(

3 −1
1 −3

)
.

The block

⎛
⎝ 0

0 1 0
0

⎞
⎠ contributes with a singular value equal to 1, σ3 = 1, and the left and right

singular vectors u3 = v3 =

⎛
⎝ 0

1
0

⎞
⎠.

Therefore we now need to compute the remaining singular values and the associated singular vectors.

We have that ŜŜ∗ =
(

10 6
6 10

)
with eigenvalues 10+6 = 16 and 10−6 = 4, so the remaining singular

values are the square roots of the previous values: σ1 = 4 and σ2 = 2. It is easy to notice that the

eigenvectors of ŜŜ∗ are û1 =
(

1
1

)
and û2 =

(
1

−1

)
, so by normalizing and extending the vectors to

3 × 1 vectors, we get the left singular vectors u1 =

⎛
⎝ 1√

2

0
1√
2

⎞
⎠ and u2 =

⎛
⎝ 1√

2

0
− 1√

2

⎞
⎠.

We have that Ŝ∗Ŝ =
(

10 −6
−6 10

)
with the same eigenvalues as ŜŜ∗. It is easy to notice that the

eigenvectors of Ŝ∗Ŝ are v̂1 = û2 =
(

1
−1

)
and v̂2 = û1 =

(
1
1

)
, so by normalizing and extending the

vectors to 3 × 1 vectors, we get the left singular vectors v1 =

⎛
⎝ 1√

2

0
− 1√

2

⎞
⎠ and v2 =

⎛
⎝ 1√

2

0
1√
2

⎞
⎠.

Therefore, we get the following Singular Value Decomposition for S.

S =

⎛
⎝ 3 0 −1

0 1 0
1 0 −3

⎞
⎠ =

⎛
⎝ 1√

2
1√
2

0
0 0 1

1√
2

− 1√
2

0

⎞
⎠

︸ ︷︷ ︸
U

⎛
⎝ 4 0 0

0 2 0
0 0 1

⎞
⎠

︸ ︷︷ ︸
Σ

⎛
⎝ 1√

2
0 − 1√

2
1√
2

0 1√
2

0 1 0

⎞
⎠

︸ ︷︷ ︸
V ∗

The dyadic decomposition of S is then

S = 4

⎛
⎝ 1√

2

0
1√
2

⎞
⎠( 1√

2
0 − 1√

2

)
+ 2

⎛
⎝ 1√

2

0
− 1√

2

⎞
⎠( 1√

2
0 1√

2

)
+ 1

⎛
⎝ 0

1
0

⎞
⎠( 0 1 0

)

The best rank one approximation of S is

S1 = 4

⎛
⎝ 1√

2

0
1√
2

⎞
⎠( 1√

2
0 − 1√

2

)
=

⎛
⎝ 2 0 −2

0 0 0
2 0 −2

⎞
⎠

and the associated error is the next singular value, namely σ2 = 2.



Problem [3]. Consider the system given by the I/O differential equation q( d
dt)y = p( d

dt)u, where the
polynomials q, p are: q(s) = (s + α)(s + 2) and p(s) = s. In this problem α ∈ R is a real parameter.
(g) Define state variables and write I/S/O equations. For u(t) = I(t) (step), find x(t) and y(t), for all
different values of α. (Hint: the form of the solution changes as the parameter takes different values.
Therefore the issue is to determine the different forms of the solution as a function of α.)

Solution. A realization is given by

A =
(

0 1
−2α −(α + 2)

)
, B =

(
0
1

)
, C =

(
0 1

)
.

The step response of the state is X(s) = (sI − A)−1B 1
s =

(
1

(s+α)(s+2)
1

s(s+α)(s+2)

)
, while the step response of

the output is Y (s) = H(s)1
s = 1

(s+2)(s+α) . Three cases must be distinguished, namely, (i) α = 0, (ii)
α = 2, and (iii) α �= 0, 2:

(i) x(t) =
(

1
2 − 1

2e−2t

− 1
4 + 1

2 t + 1
4e−2t

)
I(t), y(t) =

(
1
2
− 1

2
e−2t

)
I(t)

(ii) x(t) =
(

te−2t

1
4 − 1

4e−2t − 1
2 te−2t

)
I(t), y(t) = te−2t

I(t)

(iii) x(t) =

(
1

α−2

(
e−2t − e−αt

)
1

α−2

(−2e−2t + αe−αt
) ) I(t), y(t) =

1
α − 2

(
e−2t − e−αt

)
I(t)

Notice that in cases (i) and (ii) there are double poles, and hence the form of the solution changes. The
critical values 0, 2 can also be deduced from (iii), as this expression is undefined for these values of the
parameters.

(h) Find the value(s) of α for which the impulse response h(t) has a steady state part. Finally, for u = 0,
find the values of α and values of the initial conditions for which y(t) has no transient part.

Solution. h(t) has a steady-state part equal to 0 for α ≥ 0. For α < 0, the impulse response contains a
non-decaying exponential e−αt so the steady-state response does not exist.

For u = 0, we have that the response is y(t) = CeAtx(0−). The eigenvalues of A are λ1 = −2 and
λ2 = −α so eAt will have contain the exponentials e−2t and e−αt, which are both transient, unless α = 0.
In this case, we need to choose the initial conditions x(0−) in the span of the eigenvector corresponding

to the eigenvalue λ = 0 (i.e., we need to choose x(0−) in the kernel of A). This is x(0−) = k

(
1
0

)
,

where k ∈ R.

Problem [4]. Given is the system Σ defined by ẋ(t) = Ax(t) + Bu(t), where x(t) = [x1(t), x2(t), x3(t)]T ,
is the state, u(t) = [u1(t), u2(t)]T , is the input and

A =

⎡
⎣ 0 1 1

1 1 0
0 1 1

⎤
⎦ , B =

⎡
⎣ 1 1

0 1
−1 1

⎤
⎦ .

We also define the systems Σi, obtained from Σ by letting ui(t) = 0, for i = 1, 2.
(i) Determine the controllability of each one of these three systems; in particular determine the dimen-
sions and bases for the controllability spaces of Σ, Σ1, Σ2. Finally, for system Σ2, can the state

[3/
√

2, − 1/
√

2, − 2/
√

2]T

be steered to zero in T = 11.5 seconds? Justify your answers.



Solution. Controllability for Σ:

R3(A, B) =
[

B AB A2B
]

=

⎡
⎣ 1 1 −1 2 0 4

0 1 1 2 0 4
−1 1 −1 2 0 4

⎤
⎦

The controllability matrix has rank 3 (check that the first 3 columns are indeed linearly indepen-
dent by computing the determinant of the matrix resulting from considering the first 3 columns only:
det R3(A, B)(:, 1 : 3) = −4) so Σ is completely controllable. A basis for the controllable space is any
basis in R

3.

Controllability for Σ1 - choose the 2nd, 4th and 6th columns of R3:

R3(A, B2) =
[

B2 AB2 A2B2

]
=

⎡
⎣ 1 2 4

1 2 4
1 2 4

⎤
⎦

The controllability matrix has rank 1 (all the columns are a multiple of the first one) so Σ1 is not
completely controllable. A basis for the controllable space is the first column.

Xcontr = span

⎧⎨
⎩
⎡
⎣ 1

1
1

⎤
⎦
⎫⎬
⎭

Controllability for Σ2 - choose the 1st, 3rd and 5th columns of R3:

R3(A, B1) =
[

B1 AB1 A2B1

]
=

⎡
⎣ 1 −1 0

0 1 0
−1 −1 0

⎤
⎦

The controllability matrix has rank 2 (check that the first 2 columns are indeed linearly independent by
computing the determinant of the matrix resulting from considering the 2×2 block R3(A, B1)(1 : 2, 1 : 2):
det R3(A, B1)(1 : 2, 1 : 2) = 1) so Σ2 is not completely controllable. A basis for the controllable space is

Xcontr = span

⎧⎨
⎩
⎡
⎣ 1 0

0 1
−1 −2

⎤
⎦
⎫⎬
⎭

The state
[3/

√
2, − 1/

√
2, − 2/

√
2]T

cannot be steered to zero because it is not in the controllable space. Check that by assuming that it
can be expressed as a linear combination of the basis vectors⎡

⎢⎣
3√
2

− 1√
2

− 2√
2

⎤
⎥⎦ = a

⎡
⎣ 1

0
−1

⎤
⎦+ b

⎡
⎣ 0

1
−2

⎤
⎦

We have that a = 3√
2
, b = − 1√

2
but −a − 2b = − 1√

2
�= − 2√

2
.


