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Abstract

We describe a new experimental technique for studying the propagation of light in scattering media. We use terahertz
time-domain spectroscopy to generate and detect sub-picosecond pulses of far infrared radiation, and employ these
pulses in spectroscopic studies of synthetic random media. This technique offers a number of unique advantages in
comparison with other experimental methods, including the coherent detection of the electromagnetic field, the broad
bandwidth, and the ease of sample preparation. As a first demonstration, we study the ballistic transport through a
dense collection of spheres. These results are compared with the predictions of the quasi-crystalline approximation.
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The propagation of electromagnetic waves in
random media is a topic of current interest in
many research communities. Multiple scattering
can lead to a rich array of phenomena, many of
which are still not fully understood. Issues such as
the nature of localized light [1,2] and the transition
from ballistic to diffusive transport [3—5] are quite
controversial, and more experimental studies are
required. Many of the relevant areas of research
focus specifically on the propagation of visible or
near-infrared radiation, including such examples
as the use of infrared light in diffuse photon
tomography [6], and random lasers [7]. However,
because of the scale-invariance of classical wave
equations, such studies need not be performed at
optical frequencies. One can instead study a well-
characterized macroscopic model system, using
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longer wavelength radiation. Then, by a simple
scaling, one can transfer these results to smaller
dimensions and provide insight and guidance for
future optical studies [8—11].

Here, we describe a new experimental technique
for studying wave propagation in complex media.
We employ terahertz time-domain spectroscopy
(THz-TDS) for the generation and detection of
sub-picosecond pulses of far-infrared radiation.
This technique provides ready access to a wave-
length range that is ~500 times larger than the
wavelength of visible light. This spectral range
represents the highest frequencies for which the
electric field can be measured directly (rather than
inferred from interferometric measurements). Ter-
ahertz measurements can therefore exploit some of
the advantageous features of both optical and
microwave techniques.

The THz-TDS system used for these measure-
ments is quite similar to that described previously
(see Fig. 1) [12,13]. This technique affords a
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Fig. 1. Schematic of the transmission experiment.

number of advantages over traditional methods
for studying scattering phenomena. First, as noted
above, photoconductive sampling provides a direct
measurement of the terahertz electric field Ety,(?),
rather than merely the intensity. As a result, the
phase information is preserved, and one may
extract the full complex dielectric function of a
sample without relying on Kramers—Kronig ana-
lysis. Second, the radiation is in the form of short
pulses, containing a broad spectral bandwidth. It
is not unusual for the spectrum of a single pulse to
span more than one order of magnitude in
wavelength. With this source, one can perform
measurements which span the entire range from
Rayleigh scattering (ka<1, where k is the free-
space wave vector and a is the particle diameter)
through Mie scattering (ka>=1), in a single
experiment. Because the measurements are time-
gated, issues such as etalon effects and reflections,
which can be limiting in many microwave systems,
are generally not significant. Finally, unlike most
traditional far-infrared detectors, photoconductive
antennas operate at room temperature, thus vastly
simplifying the instrumentation.

As a first demonstration, we study the ballistic
transport of THz pulses through a dense collection
of spheres. Such measurements require the pre-
paration of a scale model sample with well-
characterized properties. In optical experiments,
the most common model scattering medium is a
suspension of latex spheres in water, for which
characterization of the density and size distribu-
tion are not straightforward. In contrast, the THz

measurements use commercially available Teflon
spheres, with a polydispersity of less than 3% on
the diameter. Teflon is an excellent material for
these studies since its absorption coefficient is quite
low at terahertz frequencies. Also, the refractive
index of Teflon, nprpg = 1.433, is nearly indepen-
dent of frequency throughout the spectral range of
the measurements [14]. We have studied spheres of
0.794 mm diameter. The spheres are contained in a
Teflon sample cell, with windows a fixed distance
apart. In order to perform length-dependent
studies, we fabricated fifty such cells, with internal
path lengths ranging from 1.5 to 26 sphere
diameters. We determine the number density of
spheres by weighing each cell on a precision
balance. From such measurements we determine
a volume fraction in these samples of ¢ =
0.56+0.04.

For each path length, we collect both a reference
(empty cell) and a sample waveform, to correct for
small variations in the thickness of the cell
windows. Fig. 2 shows a series of THz waveforms,
for several different path lengths. As the path
length increases, the pulse takes longer to transit
through the sample, and its amplitude decreases.
From this data we can extract the frequency-
dependent mean free path, by Fourier transform
of the measured time-domain waveforms [11,15].
Because the THz fields are measured coherently,
we can also determine the effective refractive index
nerr(v) of the scattering medium from the spectral
phase. This effective index can differ quite
substantially from a simple volume-weighted
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Fig. 2. The upper waveform is a typical reference, transmitted
through an empty cell. The subsequent waveforms illustrate the
decreasing transmission and increasing delay with increasing
optical path length through the scattering medium.

average index, as a result of interference between
multiply scattered waves [16].

Numerous theoretical models have been used to
compute these effective propagation parameters
for waves in dense collections of scatterers. These
models are generally based on the multiple
scattering equations, a system of equations relat-
ing the field incident on a particular scatterer to
the fields arriving from all other scatterers. When
the multiple scattering equations are averaged over
all configurations of the scatterers, a hierarchy of
solutions results, relating the conditional average
of the Green’s function with n particles fixed to
that with n+ 1 particles fixed. The simplest
solution consists of truncating this hierarchy at
first order. This is known as the effective field
approximation (EFA), and is equivalent to
neglecting all correlations among the locations of
scatterers [16]. The EFA is usually only valid for
small particle densities. For higher volume frac-
tions, the quasi-crystalline approximation (QCA)
is a more appropriate formalism. It consists of a
second-order truncation of the hierarchy, so two-
particle correlations are included [16]. It permits
the computation of the effective propagation
constant of the wave, given the volume fraction,
the complex dielectric of the spheres, the size

parameter, and the two-particle distribution func-
tion [17]. For spherical scatterers, the Percus—
Yevick pair distribution function provides an
adequate description of the positional correlation
[18]. Algorithms for performing QCA computa-
tions are generally available [19].

Fig. 3 shows a comparison of the experimental
and theoretical mean free path as a function of
wavelength. These data span the range of size
parameters from ka~1.6-4.7, and show a varia-
tion in the mean free path by roughly a factor of
40. The solid lines show the predictions of the
QCA and of Mie theory, calculated using para-
meters corresponding to those of the experiment.
We have used an approximate form for the
complex dielectric of the Teflon spheres, obtained
by fitting a low-order polynomial to the absorp-
tion coefficient reported by Birch et al. [14].
Clearly, the QCA underestimates the strength of
the scattering, a result of neglecting higher than
second-order correlations. Even so, the correspon-
dence to the resonant features in the data is quite
good.

The effects of multiple scattering can also be
seen in the velocity of the transmitted radiation.
The effective refractive index determines the phase
velocity, according to wp(v) = ¢/nesr(v). Fig. 4a
shows the measured frequency-dependent phase
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Fig. 3. Mean free path as a function of wavelength (squares),
extracted from the time-domain waveforms by Fourier trans-
form. The error bars show typical uncertainties due to
variability in repeated measurements. The solid curves shows
the prediction of the QCA (upper) and of Mie theory (lower).
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Fig. 4. (a) Measured phase velocity, ¢/ner, as a function of
frequency (circles), extracted from the phases of the Fourier
transforms of the time-domain waveforms. The solid curve
shows the prediction of the QCA. The error bar on this curve
shows the uncertainty in the computed value arising from the
+4% uncertainty in the volume fraction of the spheres in the
samples. (b) Measured group velocity (circles), obtained by
numerically differentiating the measured effective index. The
QCA prediction (solid curve) matches the data quite well.

velocity, in units of ¢, along with the QCA
calculation (solid curve). There is a systematic
offset between the computation and the measured
result. This discrepancy could arise from uncer-
tainty in the volume fraction of the sample, or
from the inadequacy of the QCA at volume
fractions exceeding 50%. Even so, it is interesting
to note that the overall dispersive trend and the
resonant features in the spectrum are both well
reproduced by the calculation.

Because these data are acquired with a broad-
band spectrometer, it is also possible to determine
the effective group velocity. The group velocity of
the wave depends not only on the effective index
but also on its derivative, according to vg(w) =
¢/ (nerr + w(dnerr/dw)). This is the velocity with
which a wave packet moves through the medium.
The group velocity is determined experimentally

by numerically differentiating the measured effec-
tive index with respect to frequency. This is shown
in Fig. 4b, along with the QCA result (solid curve).
The agreement is much improved in comparison
with Fig. 4a, demonstrating that the QCA can be
used to accurately compute group velocities even
when the volume fraction is large enough so that
the predicted phase velocity is less reliable.

In conclusion, we note that the QCA is generally
assumed to be valid for volume fractions below
~40%, whereas our measurements involve vo-
lume fractions exceeding 50%. In fact, the very
high-density regime (above 40%) has not been
thoroughly investigated, so the validity of this
second-order theory is not well established in this
regime. Our results indicate that the QCA provides
some indication of the scattering coefficient, and at
least a reasonable estimate of the phase velocity of
the wave. In the case of the group velocity, the
agreement with experiment is in fact quite good.
Thus, while not perfect, the QCA is still useful
even far beyond its expected limits of the validity.
These results indicate the diminishing importance
of higher-order correlations, at least in the case of
moderate dielectric contrast studied here. Finally,
we point out that, in addition to measuring the
ballistic component of the wave propagating in the
random medium, it is also possible to use THz-
TDS to study the diffusive portion of the wave, for
which the phase has been randomized by multiple
scattering [20,21]. This represents a new method
for characterizing classical diffusing waves.
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