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Abstract

We address the problem of prefetching and caching in a par-
allel I/O system and present a new algorithm for optimal
parallel-disk scheduling. Traditional buffer management al-
gorithms that minimize the number of I/O disk accesses,
are substantially suboptimal in a parallel I/O system where
multiple I/Os can proceed simultaneously.

We present a new algorithm SUPERVISOR for parallel-disk
I/O scheduling. We show that in the off-line case, where
apriori knowledge of all the requests is available, SUPERVI-
SOR performs the minimum number of I/Os to service the
given I/O requests. This is the first parallel I/O scheduling
algorithm that is provably offline optimal. In the on-line
case, we study SUPERVISORin the context of global L-block
lookahead, which gives the buffer management algorithm a
lookahead consisting of L distinct requests. We show that
the competitive ratio of SUPERVISOR, with global L-block
lookahead, is ©(M — L+ D), when L < M, and ©(MD/L),
when L > M, where the number of disks is D and buffer
size is M.

1. Introduction

The I/O system is a critical bottleneck for many modern
data-intensive applications. Parallel I/O systems consisting
of multiple disks have the potential to improve I/O perfor-
mance by performing multiple concurrent I/Os. However,
it is a challenging problem to successfully exploit the higher
available bandwidth to reduce I/O latency. For instance, re-
sults presented in this paper show that traditional caching
strategies can under-utilize available bandwidth and thereby
do not scale well, leading to excessive I/O service time. We
need to design new algorithms for managing parallel I/O
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resources, with the explicit intention of exploiting I/O par-
allelism.

Prefetching and caching are intuitive techniques for im-
proving I/O performance by utilizing the main-memory I/O
buffer present in I/O systems. Blocks can be cached in the
I/0O buffer so that future requests to the same data can be
serviced from main memory instead of needing to access (the
much slower) disk. Additionally, the I/O buffer can also be
used to enable prefetching, a crucial mechanism that can sig-
nificantly increase parallel I/O performance. While a read
progresses on one disk, concurrent reads can be started on
other disks to prefetch data that are required later. These
prefetched blocks are held in the I/O buffer till needed.

This paper deals with prefetching and caching algorithms
for parallel I/O systems. Our aim is to exploit the par-
allelism provided by multiple disks to reduce the average
read latency seen by an application, by using appropriate
buffer management techniques. To exploit I/O parallelism
we need to design prefetching algorithms that schedule reads
carefully, so that the most useful blocks are fetched in ad-
vance. To exploit locality in I/O requests, we need to design
caching strategies that retain the most valuable blocks in the
buffer when the need for eviction arises. The combined ob-
jectives of using the multiple disks and using the common
I/0 buffer to hold prefetched and cached blocks make the
problem of designing prefetching and caching algorithms for
parallel I/O interesting. Prefetching and caching in parallel
I/0 systems is fundamentally different from that in systems
with a single disk, thereby necessitating new algorithms to
handle it [?, ?]. We will present a new priority-controlled
greedy algorithm, SUPERVISOR, for optimizing prefetching
and caching decisions in a parallel I/O system.

The model of the I/O system, used to analyze our algo-
rithm, is based on the Parallel Disk Model [?]: the I/O sys-
tem consists of D independent disks that can be accessed in
parallel, and a buffer of capacity M through which all disk
accesses occur. The computation requests data in blocks;
a block is the unit of disk access. The I/O trace of a
computation is characterized by a reference string, which
is an ordered sequence of I/O requests made by the com-
putation. In serving a reference string the buffer manager
(which makes the prefetching and caching decisions) deter-
mines which blocks to fetch and when to fetch them so that
the computation can access the blocks in the order speci-
fied by the reference string. The computation waits for data
from the I/O system only when the data is not available
in the buffer. Additionally when an I/O is initiated on one
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Figure 1: Influence of replacement strategy on I/O schedule length

disk, blocks can be concurrently fetched from other disks.
The number of parallel I/Os that are issued is the measure
of performance in this model.

In this work we consider the I/O buffer to be a shared re-
source, capable of buffering blocks from any disk. Since the
buffer is shared by all disks it is possible to allocate buffer
space unevenly to different disks to meet the changing load
on different disks. However, this freedom in allocating buffer
space makes the buffer management problem more difficult.
The buffer management algorithm has to judiciously decide
on questions like how much buffer to allocate for prefetch-
ing and how much for caching, which blocks to prefetch,
and which blocks to cache. For instance, to make use of
the available bandwidth, it may seem preferable to have a
large number of disks busy during an I/O. However exces-
sive prefetching may fill up the shared buffer with prefetched
blocks, which may not be used till much later. Such blocks
have the adverse effect of not only causing unnecessary I/Os
for blocks which may be evicted, but also choking the buffer
and reducing the parallelism in fetching more immediate
blocks. In an earlier work [?], we showed that even when
the problem is reduced to just prefetching decisions, it is
not trivial: even in the case when each block is accessed
only once, the problem of deciding which blocks to fetch
in an I/O is non-intuitive. In the general case considered
in this paper the buffer manager has to deal with the ad-
ditional complexity of deciding which blocks to cache and
which to evict, in addition to prefetching. As it turns out,
these decisions are interrelated. A good prefetching and
caching algorithm needs to cooperatively decide how much
buffer space to allocate for prefetching in a particular I/O
and which blocks ought to be prefetched then.

If the application requests are known only when the data
is immediately required, then only speculative prefetching
is possible. In order to prefetch accurately, some amount of
information about future requests is essential. This informa-
tion about future accesses is embodied in the idea of looka-
head. We define and work with global lookahead, an intuitive
form of lookahead, which provides to the prefetching algo-
rithm sub-sequences of future requests. Global lookahead is
an abstraction of the lookahead available when applications
provide hints to the prefetcher [?], or when a speculative ex-
ecution of the application provides a window into potential
future I/O requests [?]. Our notion of lookahead is a sim-
ilar to strong lookahead [?], introduced to study caching in
sequential I/O systems. We consider both online algorithms
which use bounded lookahead, as well as off-line algorithms
which use apriori knowledge of the entire reference string to
construct the I/O schedule.

Traditional paging policies for buffer management have
concentrated on minimizing the total number of disk ac-
cesses. However these algorithms do not generalize to the
problem of optimizing parallel I/Os. For instance, the off-
line caching algorithm MIN [?], which evicts the block that

will be next requested farthest in the future, is known to
minimize the number of sequential I/Os in a single-disk I/O
system. But, as the following example illustrates, using MIN
as the caching policy in a parallel I/O system can potentially
serialize otherwise fully parallelizable accesses.

Consider a system with 3 disks and a buffer of size 6. At
some point during the computation let the buffer contain the
blocks a1, a2, as, b1, b2, and ¢1, where blocks a;, b;, and ¢; are
from disks A, B, and C, respectively. Let the remainder of
the reference string be

(aa,bs, c2,a4,bs,b2,b1,c1,a1,a2,as)

The next three request are to blocks a4, bs, and c2; all of
which are not present in the buffer. Since all these can
be fetched in parallel, three blocks are evicted to fetch these
blocks. The actual set of three blocks determines the overall
length of the I/O schedule.

Figure 1 (a) shows the schedule generated by an algorithm
which uses MIN to service this reference string. The farthest
referenced blocks, a1, a2, and as are evicted, requiring 31/Os
to fetch them back. On the other hand evicting blocks a1, b1,
and c; instead results in a schedule of length 2, shown in
Figure 1 (b).

The example highlights the point that in parallel I/O sys-
tems, caching algorithms need to consider I/O parallelism
in addition to issues in traditional sequential caching. This
example can be generalized to prove that irrespective of the
prefetching policy, any algorithm that uses MIN for page re-
placement can perform Q(D) times more parallel I/Os than
the optimal, where D is the number of disks. It should
be noted that this is the worst possible dilation possible
ignoring I/O parallelism. The algorithm SUPERVISOR, pre-
sented later in this paper, makes optimal caching decisions
in the off-line case. It carefully delays prefetches so that
the increased available buffer space can be used for deeper
prefetching, while simultaneously caching only those blocks
that occupy buffer space for a small time between repeated
references.

Even if there are no caching decisions to be made, the
problem of deciding when any block ought to be fetched is
quite interesting. For instance, when the reference string
consists of requests to all distinct blocks, caching is a non-
issue as there is no benefit in retaining a block in the buffer
after its reference. [?] considered the problem of scheduling
such read-once reference strings. As this scheduling is per-
tinent to this paper, let us intuitively illustrate the problem
of I/O scheduling without interference from caching.

Consider the following example of an I/O system with 3
disks and an I/O buffer of capacity 6. Let the blocks labeled
a; (respectively b;, ¢;) be placed on disk A (respectively B,
C), and the reference string be

{a1a2a3asbic1asbacrasbscsarbacacscscr)

Figure 2 shows the I/O schedule constructed by an in-
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tuitive greedy algorithm that always fetches blocks in the
order of the reference string, and maximizes the disk par-
allelism at each I/O step. In the first step blocks a1, b1,
and c; are fetched concurrently in one I/O. When block a2
is requested, blocks a2, b2, and c2 are fetched in parallel in
step 2. Subsequently the buffer contains 5 blocks: az, b1,
b2, c1, and c2. Next when a3 is requested an I/O needs to
be done to fetch it. However, there is buffer space for only
one additional block besides a3, and the choice is between
fetching bs, c3 or neither. Fetching greedily in the order of
the reference string means that we fetch b3. Continuing in
this manner we obtain a schedule of length 9.

Figure 3 presents an alternative schedule for the same
reference string. The first two steps in the schedule are
identical to the previous case. In step 3, c3 that occurs
after b is prefetched; and in step 4 c4 is fetched by evicting
b2 even though c4 is referenced only after bs. However, by
doing so the overall length of the schedule is reduced to 7,
better than the previous schedule.

The above example illustrates that optimizing the total
number of I/Os in a parallel I/O system cannot be done
based solely on simple local heuristics such as “at any time
keep as many disks busy as possible” or “fetch blocks only
if they are within the next buffer load of blocks to be re-
quested”.

The buffer management algorithm SUPERVISOR presented
in this paper, is an optimal off-line prefetching and caching
algorithm in the parallel disk model. That is, when SUPER-
VISOR has apriori knowledge of the entire reference string, it
generates a schedule of minimal length. This is the first op-
timal scheduling algorithm for the parallel disk model that
we are aware of. In an online scenario, SUPERVISOR uses
available lookahead to make prefetching and caching deci-
sions dynamically. Specifically, we show that the competi-
tive ratio of SUPERVISORis ©(M — L+ D) when L < M, and
O(MD/L) when L > M, where D is the number of disks,
M the size of the I/O buffer, and L the number of distinct
references in each lookahead window.

The rest of the paper is organized as follows. A brief
survey of related publications is presented in Section 1.1. We
formally introduce the problem in Section 2. Details of our
scheduling algorithm are presented in Section 3. In Section 4
we present bounds on the performance of SUPERVISOR both
in the online case, as a function of the available lookahead,
as well as in the off-line situation.

1.1 Related work

Classical buffer management in the single-disk model
deals primarily with optimizing eviction decisions to min-
imize the number of I/Os performed. Online buffer man-

Minimal I/O length schedule

agement for sequential IO systems in the framework of com-
petitive analysis was first studied in [?], followed by studies
using extended models, which incorporated lookahead [?, 7]
or randomization [?, ?]. An analysis of paging algorithms
with strong lookahead (similar to global lookahead defined
here) was presented in [?] for the single disk situation. Re-
cent formal work on using prefetching to overlap computa-
tion with I/O in single disk systems was introduced by [?],
where they showed that aggressive prefetching can reduce
total elapsed time. [?] presented an integer programming
approach to optimizing the total time in such a stall model.

There has been relatively little work dealing with prefetch-
ing and buffer management in the parallel setting, though
there has been work on developing I/O-efficient algorithms
for specific applications (e.g. [?, 7, ?, ?]). For read-once
reference strings, analysis of algorithms exploiting a ran-
domized data placement was studied in [?, 7, 7, ?]. In a
generalization of the stall model to parallel disks, [?] de-
signed a sophisticated off-line approximation algorithm to
service read-many reference strings. They showed that the
algorithm, reverse-aggressive, is near optimal for typical sys-
tem parameters (memory size and computation time). [?]
considered I/O scheduling in a distributed buffer configura-
tion, where each disk has a private buffer. They presented
algorithm PMIN, a generalization of MIN, and showed that
the algorithm is optimal for this buffer configuration. Other
empirical studies on using prefetching, based on hints pro-
vided to the system, to improve parallel I/O performance
include [?, ?]. The underlying greedy prefetching heuristic
need to be curtailed to perform shallow prefetching to pre-
vent prefetched blocks from choking the buffer and affecting
the LRU based caching.

In [?], we studied the more restricted problem of schedul-
ing read-once reference strings in a deterministic setting in
the context of global lookahead. We developed an algorithm
L-OPT that generates the smallest length I/O schedule in
the offline case, and has the best possible competitive ra-
tio (among all algorithms with the same lookahead) for any
lookahead. The algorithm SUPERVISOR, developed in this
paper, generalizes these ideas to the problem of schedul-
ing read-many reference strings. Later, at the end of Sec-
tion 3, we present a discussion on the relation between the
problems of scheduling read-once and read-many reference
strings, and the two algorithms we developed.

2. Problem specification

The reference string is a sequence of 1/O requests, ¥ =
{ri,...,rn), with several references possibly to the same
block. Each block resides on a specified disk from which it



is to be fetched. The problem is to generate a schedule for a
given reference string with the available lookahead informa-
tion. The I/O schedule specifies the blocks to be fetched in
each I/0O, and the blocks to be evicted, subject to the con-
ditions that at any time no more than one block is fetched
from any one disk, and the number of blocks in the buffer
is no more than M. In the off-line case the algorithm has
information of the entire reference string, while in the online
case it only has knowledge of past references and references
in the lookahead. The goal of the scheduling algorithm is
to generate a schedule that performs the smallest number of
parallel I/Os with the available information.

3. Algorithm Supervisor

In this section we introduce our parallel I/O schedul-
ing algorithm, SUPERVISOR. SUPERVISORIS a priority con-
trolled greedy scheduling algorithm that fetches blocks from
as many disks as possible in an I/O, while ensuring that the
buffer contains the blocks with the highest priority. SUPER-
VISOR assigns a priority to each reference in the lookahead.
The priority of a block is a measure of how much the fetch-
ing of a block can be delayed: with respect to prefetching, a
low priority indicates that an I/O for that block can be de-
layed, and with respect to caching, a low priority indicates
that the block can be evicted from the buffer.

Intuitively, SUPERVISOR greedily schedules I/Os and at-
tempts to utilize all I/O slots available during a parallel
read. This is done to allow SUPERVISORto utilize future
lookahead information as soon as it is available and avoid
situations where it unnecessarily wasted slots in previous
I/Os. However, aggressive greedy prefetching has to be tem-
pered by the fact that doing so could cause the buffer to fill
up and prevent useful caching and further prefetching. We
use two mechanisms to prevent this from happening: (a)
issue prefetches for blocks close to their references so that
prefetched blocks do not wastefully occupy buffer space, (b)
avoid caching a block if there is any later free I/O slot avail-
able which can be used to fetch the block.

The I/O buffer is used both to cache blocks since their
previous reference and to hold prefetched blocks till they are
referenced. Among possible candidates of blocks to cache,
we would like to cache the block which would occupy buffer
space for a smaller duration. Hence the question is: given
that at some time we would like two blocks in the buffer,
which of these is it preferable to have cached, and which
should be fetched now? We prefer caching the block whose
previous reference is closer to the current time, as this would
reduce the buffer pressure between the two previous ac-
cesses. When prefetching, we prefer to issue prefetches for
blocks close to where they are actually referenced. These
choices in ordering blocks to be fetched or evicted are made
by SUPERVISOR through its priority assignment scheme.

Given the priorities of references in the lookahead, the
prefetching engine of algorithm SUPERVISOR determines the
blocks to be fetched in any I/O. This part of the algorithm is
presented in Figure 4. The details of the priority assignment
scheme are presented in Figure 5. These specifications make
use of the the following definitions.

e The current lookahead is denoted by £ = (r;,...,r;).
block(r) is used to denote the block accessed in refer-
ence 7.

e For areference r, the disk from which block(r) needs to

be fetched is denoted by disk(r): we shall use the same
notation disk(b) to refer to the disk on which block b
occurs: the meaning will be clear from the context.

e Every reference r in the current lookahead is assigned
a priority denoted by priority(r). We shall use the
same notation to denote the priority of a block b that
is present in the buffer. In this case the priority of the
block is defined as the priority of the next reference to
that block; when there is no reference to that block in
the lookahead, a low priority, —¢, is assigned to that
block, where i is the index of the last reference to that
block (in the past).

The prefetching engine of SUPERVISOR performs I/Os only
on demand; that is, it performs I/O only when the refer-
enced block is not present in the buffer. By doing so SUPER-
VISOR can defer its decisions till the latest time and make
use of the largest lookahead available. When an I/O is to
be performed, the blocks from each disk with the highest
priority (H) are potential candidates to be fetched. Among
these blocks and the blocks in the buffer (B), we would like
to have the M blocks with the largest priority (B™) present
in the buffer following the I/O. The blocks with the lower
priorities are evicted if there is not enough space free in the
buffer.

The priority assignment routine, the more interesting part
of SUPERVISOR, assigns priorities to each reference in the
lookahead. The details of the assignment routine are pre-
sented in Figure 5. The priority assignment scheme at-
tempts to set the priority of every block as low as possi-
ble, subject to system constraints. First, since at most one
block can be fetched from one disk in an I/O, at any time
each block from the disk has a unique priority. However,
two blocks from different disks can have the same priority,
indicating that at the current time both of these are equally
preferable. Also, there can be at most M blocks cached in
the buffer at any time. Hence, if a reference r has priority p,
then at most M —1 distinct references that occur after r can
be assigned a priority higher than p — 1. This is necessary
to guarantee that there is always buffer space available to
fetch the block for which the computation is waiting.

Finally, a priority needs to be assigned to those blocks
that are present in the buffer, to allow them to be compared
to blocks that can be prefetched. Among those blocks which
do not occur again, we use LRU (least recently used) policy
to assign priorities.

The routine examines subsets of the lookahead consist-
ing of M distinct references and then assigns priorities to
one block from each disk. The intuition behind the prior-
ity assignments can be illustrated by considering the largest
subsequence of the lookahead including the last reference
and having at most M distinct references. All blocks which
are assigned the smallest priority should belong to this set.
Otherwise there will be some reference such that M or more
blocks referenced after it have a higher, or same, priority.
The question we then ask is: which, among these blocks,
should have the lowest priority? First, we can assign the
lowest priority to at most one distinct reference from each
disk. Additionally, between two blocks from the same disk,
we prefer assigning this priority to the block whose previous
reference outside this subsequence is earlier. This is to in-
dicate that between these blocks we would rather not cache
that block, since a lower priority indicates that we prefer



Algorithm SUPERVISOR

On a request r, algorithm SUPERVISOR takes the following actions.

If block(r) is present in the buffer then
no I/0 is necessary before servicing the request
If block(r) is not present in the buffer then
An T/O is initiated to fetch blocks in H N B evicting the lowest priority blocks in B — Bt as
necessary, where
B is the set of blocks present in the buffer
H is the maximal set of (up to) D blocks, such that if b € H
then b has the highest priority among all blocks from disk(b) in the lookahead but
not present in the buffer
Bt is the maximal set of (up to) M blocks with the highest priority in H U B;
in the case of ties the block occurring earlier in ¥ is selected
The request r is then serviced

Figure 4: Algorithm SUPERVISOR

This routine is used to assign priorities to references (r;, ..

Routine to assign priorities to references

.,Tk). Priorities are assigned only to specific

the same block.

For 4 from k& down to j

else
If numberOfBlocksPlaced = M then

Increment lowestPriority

Increment numberOfBlocksPlaced

references; the priority of any other reference is taken to be the same as that of the previous reference to

Initialize lowestPriority to 1, all other counts to 0, and sets to ¢.

Let previous(r;) be the index of the previous reference to block(r;), or — if that index is less than j
If there is 7 in P[disk(r;)] such that block(r) = block(r;) then
Replace r in P[disk(r;)] with r; and key previous(r;)

For each disk d such that P[d] is not empty
Assign priority(r) < lowestPriority, where r is the reference with the smallest key in P[d]
Remove r from P[d]; Decrement numberOfBlocksPlaced

Insert r; into P[disk(r;)] with key previous(r;)

Figure 5: Routine to assign priorities

caching other blocks over this one.

Priorities are assigned starting from the lowest priority
(1). At any time, a subset of the references in the looka-
head consisting of M distinct references is used to decide
the blocks that are assigned a particular priority. Specifi-
cally, the variable numberOfBlocksPlaced keeps count of the
number of blocks in the subset, triggering a priority assign-
ment when it reaches M. While scanning the references in
the lookahead, SUPERVISOR first generates a local ordering
of blocks from the same disk, indicating which block among
the blocks from this disk is to be assigned the smallest pri-
ority. This ordering for each disk is kept in a priority queue
P[]. There is one entry in P[d] for each distinct reference
from disk d. The references in any P[d] are ordered based
on the index of the previous occurrence of that block out-
side the subsequence being used to decide this priority. The
current lowest assignable priority is tracked by lowestPri-
ority. When M blocks in the lookahead to which priorities
have not been assigned are examined, the counter numberOf-
BlocksPlaced reaches M, and from each P[d] the block with

the earliest previous reference (smallest key) is assigned the
current lowest priority.

Algorithm SUPERVISOR has low time complexity. The
amortized time complexity of the priority assignment rou-
tine is O(log M) per reference using any standard priority
queue for implementing the P array. One element is in-
serted, deleted, or updated in the priority queue to account
for one reference. The values for previous(r) can be initial-
ized in one pass over all the references whose priorities need
to be assigned. The overhead of assigning priorities depends
on the frequency of additional lookahead being available, as
priorities change only when the lookahead window is ex-
tended.

In [?] we had presented an algorithm L-OPT for schedul-
ing read-once reference strings. In that paper the reference
string does not contain repeated accesses to the same block,
implying that there is no use in retaining a block in the
buffer once its request has been serviced. Algorithmically
L-OPT and SUPERVISOR share a similar structure: both are
priority controlled greedy algorithms. Both algorithms have



a similar “greedy” component because both use the same
model of lookahead, and they attempt to not waste I/O
slots. They differ significantly in the way the priorities are
assigned. In the read-once case it can be seen that from any
disk, a block occurring earlier than another has a higher pri-
ority. This observaton simplifies the priority assignment in
the read-once case as a new block that becomes visible due
to extending the lookahead is always assigned the lowest pri-
ority; the resulting effect is then cascaded to the priorities of
rest of the blocks. However no such ordering can be decided
in the read-often case, resulting in a relatively more complex
priority assignment scheme. But if all references were to dis-
tinct blocks, SUPERVISOR would generate the same schedule
as L-OPT.

4. Analysis

In this section we shall analyze the performance of SU-
PERVISOR in terms of the length of the schedule it generates.
We shall show that when SUPERVISOR has knowledge of the
entire reference string in advance it generates a schedule of
minimal length; that is, it is an optimal off-line I/O schedul-
ing algorithm. In the case when SUPERVISOR has only a lim-
ited view of future requests we present bounds on the ratio
of the number of I/Os done by SUPERVISORto that of the
optimal off-line while serving the same sequence of requests.

We shall present only the main lemmas and an outline of
the proofs here: the details are presented in the appendix.
Given a reference string X, let OPT denote the minimal-
length I/O schedule to service X.

Offline situation

We shall first show that SUPERVISOR generates the minimal
length schedule to service any reference string of length L.
Note that in this case the entire reference string is in the
initial lookahead of SUPERVISOR, and hence the priorities
are all assigned at once. To do the analysis in this case
we shall start by showing some properties of the schedule
generated by SUPERVISOR .

Property 1 If SUPERVISORIis given the entire reference
string apriori, the number of I/Os done by SUPERVISOR to
service the reference string is given by the highest priority
of any reference in the reference string.

Our analysis will concentrate on showing that the maxi-
mum priority of any block is the same as the length of the
optimal off-line schedule. This will be used together with
Property 1 to show that the length of the schedule gener-
ated by SUPERVISOR is of the same length as OPT. We shall
start by characterizing the blocks which have a priority p.
Let us recursively define a phase as follows.

Definition 1

o Initially let 31 be the same as X. We define phase()
to be the largest subsequence of ¥;, including the last
reference in ¥;, such that the total number of distinct
blocks in phase(4) is no more than M.

e Define ¥;11 = X; — earliest(¢), where earliest() is de-
fined as follows. For each disk d, consider the set of
all blocks from disk d referenced in phase(i). Among
these let b be the block whose previous reference (out-
side phase(¢)) is earliest in the past. earliest(z) consists
of all references to block b in phase(s).

From the above definition and the specification of the pri-
ority assignment routine, phase(¢) is the set of references
from among which the references which have a priority 4 is
selected. Also, the references in earliest(¢) are exactly the
ones with priority 4.

Property 2 The priority of all references in earliest (i) is i.

From Property 2, we can estimate the maximum priority
of any reference by counting the number of “earliest” sets
that can be formed from the reference string. These lemmas
will be used to show the following theorem that in the case
when SUPERVISOR has apriori knowledge of the entire refer-
ence string, SUPERVISOR generates a schedule of the same
length as OPT. Without any loss in generality we assume
that in OPT no block is fetched and evicted before at least
one reference to it is serviced. This will simplify the com-
parison of the schedule generated by SUPERVISOR and OPT.
Let the length of OPT be Topr.

The theorem is proved by inductively showing that OPT
can be repeatedly transformed into a series of Topr sched-
ules, each derived from the previous one and of the same
length as OPT, such that in the kth schedule all references
fetched beyond the (Topt — k)th I/O match those in the
corresponding earliest set. Then the length of OPT, Topr,
has to be at least that of the number of earliest sets that
are possible in the given reference string. Correspondingly,
the maximum priority of any block in the reference string is
at most Topr, by Property 2, thereby completing the proof
together with Property 1.

The inductive proof then shows how the schedule
OPT*(k + 1) can be constructed from previous schedule
OPT*(k). In making this transformation, only the refer-
ences in the (Topr — (k + 1) — 1)th I/O are changed from
OPT*(k) to OPT*(k + 1). The main idea used here is to
compare the reference a fetched by OPT and the correspond-
ing reference from the same disk, b, in earliest(k + 1). By
definition of earliest(k + 1), the previous access to reference
b is earlier than the previous access to block a. Hence at
any time that b is present in the buffer, it can equivalently
be replaced by a in the buffer. Additionally, since they are
both fetched from the same disk, their I/Os can also be ex-
changed. Thus we argue that in the (Topr — (k+ 1) — 1)th
I/0, we can fetch b instead of a to match the requirements
of the induction hypothesis. The detailed proof, presented
in Section A.1 of the Appendix handles the various technical
details and cases possible in effecting this transformation.

THEOREM 1. Given a reference string X of length L, su-
PERVISOR , with L block lookahead, performs the minimal
number of I/0s to service 3.

Immediately, as a corollary, it can be seen that when the
entire reference string is known to SUPERVISOR it generates
the minimal length schedule to service it.

COROLLARY 1. SUPERVISOR is the optimal off-line paral-
lel I/0O scheduling algorithm.

Online situation

In this section, we shall characterize the performance of on-
line algorithms using the competitive ratio [?] as the metric.
In this context the competitive ratio is the ratio of the num-
ber of I/Os done by the online algorithm to the number of



I/Os required by the optimal off-line algorithm to schedule
the same reference string. Though being a worst-case mea-
sure, the competitive ratio attempts to isolate the effect of
decisions made by the online algorithm from inherent fea-
tures of the input data.

The performance of an online scheduling algorithm de-
pends on the amount of information in the lookahead, and
how frequently the lookahead is updated. For the analy-
sis we consider that at any time the algorithm has at least
the next L distinct references in the lookahead. Formally,
an algorithm is said to have global L-block lookahead if at
any time it knows a portion of the reference string, start-
ing from the next reference to be accessed, and including
accesses to L distinct blocks; that is if the lookahead is
L = (ri,...,r;) then the number of distinct blocks in £ is
L. This is a natural definition of lookahead and is similar to
that of strong lookahead [?], which was used in the context
of on-line caching algorithms for sequential systems.*

We shall next provide bounds on the performance of Su-
PERVISOR in the online case, where it only has L-block looka-
head. We shall show the bounds separately in the two re-
gions L < M and L > M. The details of the proof are
presented in Section A.2 of the Appendix.

THEOREM 2. The competitive ratio of SUPERVISOR is

O(M —-L+D) when L<M
O(MD/L) when L > M

To do the analysis, we partition the entire reference string
into subsequences consisting of M distinct blocks called
phases: a phase is a maximal length subsequence of the ref-
erence string consisting of references to at most M distinct
blocks, with the first phase starting with the first reference.
Let the total number of phases in the reference string be V.
Next we categorize all references into stale and clean based
on whether the same block has been accessed in the previous
phase or not. Let the i th phase be denoted by phase(i), and
let the number of clean blocks in phase(¢) be c;.

In the range when L < M, we show that the competitive
ratio of SUPERVISORis O(M — L+ D). The main idea of this
proof is to note that after servicing all the references of a
phase all the blocks in the buffer of SUPERVISOR are either
references from that phase, or some blocks from the first
lookahead of the subsequent phase. We use this to show
that the number of I/Os done by SUPERVISORin any phase
is at most M — L+ ¢;, by showing that in the first lookahead
of the phase, SUPERVISOR does at most ¢; I/Os as it caches
all other blocks from the previous phase. The proof is then
completed by showing that the number of I/Os done by OPT
in the same phase is at least max{c;/2D,1}. This is done
by showing that the total number of blocks that OPT needs
to fetch is at least >, c;.

In the range L > M, we show that the competitive ratio is
O(MD/L). The proof is based on the fact that OPT could
cache at most M blocks in the buffer to service references
in a lookahead window. Hence if the lookahead consists of
more than 2M references, then OPT will still have to do

! I-block lookahead is a slightly weaker form of lookahead
than strong lookahead: strong lookahead requires that the
first reference of any lookahead window be to a block that
is not present in the previous lookahead. Thus for instance,
several sets of L-block lookahead could correspond to only
one strong lookahead window.

Q(L/D) I/Os to service the lookahead, while the difference
in the number of I/Os done by OPT and SUPERVISORIis at
most 2M in that lookahead. When the lookahead is less
than 2M then we show that the ratio is at most O(D) by
arguing that the total number of blocks fetched by OPT and
SUPERVISOR are comparable.

We can show that the bounds on the competitive ratio
are tight by constructing reference strings for which SUPER-
VISOR reaches the the upper bound.

5. Summary

In this paper we addressed a generalization of the sequen-
tial paging problem [?] to a multiple-disk parallel I/O sit-
uation. In the parallel I/O model the total number of I/Os
is not an appropriate metric, since multiple I/Os can pro-
ceed concurrently on different disks. The problem here is to
optimize the number of parallel I/0s.

We argued that both caching and prefetching decisions
need to be sensitive to disk parallelism and that there could
be substantial loss in parallelism if traditional prefetching
and caching algorithms are used. For instance by using the
MIN algorithm [?] for caching we could sequentialize ac-
cesses that could otherwise be parallelized completely.

We used an intuitive model of lookahead, global looka-
head, which provides information regarding a subsequence
of future accesses to the online algorithm. Lookahead al-
lows algorithms to perform accurate prefetching rather than
speculate on future references. Lookahead information is
also useful in making caching decisions.

We presented a new algorithm SUPERVISOR for optimizing
prefetching and caching decisions in the parallel I/O model.
We showed that in the off-line case, where apriori knowledge
of all the accesses is available, SUPERVISOR performs the min-
imum number of I/Os to service the I/O requests. This is
the first optimal algorithm in the parallel model. In the on-
line case we show that the competitive ratio of SUPERVISOR,
with this lookahead, is ©(max {M — L, D}), when L < M,
and ©(MD/L), when L > M, where the number of disks is
D and buffer size is M.
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APPENDIX
A. Detailed proofs
A.1 Off-line optimality of Supervisor

THEOREM 1. Given a reference string ¥ of length L, SU-
PERVISOR , with L block lookahead, performs the least number
of I/0s to service 3.

ProoOF. We shall prove the theorem by inductively show-
ing that OPT can be repeatedly transformed into a series of
schedules OPT*(k), k from Topr, - - , 1, such that schedule
OPT™(k) is the same length as OPT, and for any reference
r that is fetched in the ith I/O in OPT*(k), ¢ > k, r is in
earliest(z). The theorem will then follow due to Properties 1
and 2.

For the base case we will show how to construct OPT™ (1)
from OPT. Let OPT*(1) be initialized to OPT: we shall
transform the last I/O of OPT*(1) so that the induction
hypothesis holds.

Let p be the reference fetched by OPT in the last I/O
from some arbitrary disk d and g be the reference from the
same disk with the smallest index in earliest(1). If no such
reference exists, then we denote p and q by ¢. But we will
argue that if ¢ = ¢ then p = ¢. This follows from the re-
quirement that any reference should be present in the buffer
before a request for it can be serviced. If p # ¢ then, since
it is fetched in the last I/O, all references occurring after
it should be present in the buffer after this I/O. There can
at most be M such references (including p) as the buffer
capacity is M. Hence p should be in phase(1), and corre-
spondingly in earliest(1).

From the previous discussion if ¢ = ¢ then in OPT*(1) we
do not fetch anything from disk d in the last I/O, which will
match what OPT fetches from disk d and hence is a valid
schedule. Three other cases are possible depending upon the
relation between the indices of p and q.

Case 1: p occurs earlier than ¢ in X.

Note that by the definition of earliest(1), the previous
reference to ¢ is earlier than the previous reference to p. In
this case OPT fetches p in the last I/O. This means that g
is either cached since its previous reference or it is fetched
sometime after its previous reference.

If g is cached, then in OPT* (1) we set q to be fetched in the
last I/O and arrange p to be cached instead. If ¢ were fetched
sometime after its previous reference, then in OPT*(1) we
exchange the I/Os for p and q. These transformations will
still lead to valid schedules because the previous reference
to g is earlier than the previous reference to p.

Case 2: p occurs after ¢ in X.

Again two cases are possible: either ¢ is cached since its
previous reference or it is fetched sometime after its previ-
ous reference. If q is cached, then in OPT™(1) we set ¢ to be
fetched in the last I/O and arrange p to be cached instead.
If g were fetched sometime after its previous reference, then
in OPT*(1) we exchange the I/Os for p and ¢g. These trans-
formations will still lead to a valid schedule because there
are at most M — 2 blocks other than block(p) and block(q)
referenced between the reference to p and ¢: both p and
q are in phase(1) as ¢ is in phase(l) by the definition of
earliest(1).

Case 3: p = ¢.

In this case, in OPT”(1), we set q to be fetched in the last
I/O and not cache it (if it was cached in OPT) or cancel
the previous I/O for it (if it was fetched after its previous
reference). Again this transformation will lead to a valid
schedule as the number of blocks referenced after q is at
most M — 1, since q is in phase(1).



Thus, OPT can be transformed into a valid schedule
OPT" (1) such that all the references fetched in the last I/O
of OPT*(1) are in earliest(1); and the length of OPT™(1)
is the same as that of OPT. For the induction hypothe-
sis, we assume that this can be done up to OPT*(k); that
is, OPT*(k — 1) can be transformed into a valid schedule
OPT*(k), of the same length, such that all references fetched
in the :th I/O of OPT*(k), ¢ < k, are in earliest(¢). We shall
show that OPT*(k) can be transformed to OPT*(k+1) such
that the hypothesis holds.

The transformation follows along the same lines as the
base case. We take OPT*(k) and arrange the references in
the Topt — (k+1)+1th I/O so that they match the earliest
references from the corresponding disks in earliest(k + 1).

Again, let p be the reference fetched from some arbitrary
disk d by OPT in the Topr — (k+ 1) + 1 th I/O and ¢ be
the reference from the same disk with the smallest index
in earliest(k + 1). As in the base case we can argue that
if ¢ = ¢ then p = ¢. If p # ¢ then all references in Xj41
occurring after it should have been cached (By the induction
hypothesis none of these references are fetched in later I/Os).
Hence p should be in phase(k + 1), and correspondingly in
earliest (k + 1), which means that g # ¢.

Hence, again if ¢ = ¢ then we set OPT*(k + 1) to fetch
nothing from disk d in the last I/O, which will match what
OPT"(k) fetches from disk d and hence is a valid schedule.
Three other cases are possible depending upon the relation
between the indices of p and gq.

Case 1: p occurs earlier than ¢ in X.

This case can be handled exactly like in the base case:
If ¢ is cached, then in OPT*(k + 1) we set ¢ to be fetched
in the last I/O and arrange p to be cached instead. If ¢
were fetched sometime after its previous reference, then in
OPT"*(k + 1) we exchange the I/Os for p and q.

Case 2: p occurs after g in X.

Again two cases are possible: either ¢ is cached since its
previous reference or it is fetched sometime after its previous
reference. If ¢ is cached, then in OPT*(k+ 1) we set g to be
fetched in the last I/O and arrange p to be cached instead.
If g were fetched sometime after its previous reference, then
in OPT*(k + 1) we exchange the I/Os for p and q.

We shall prove that these transformations will still lead
to a valid schedule by showing that the number of distinct
blocks occurring between p and ¢ that are fetched before p
is fetched in OPT*(k) is at most M — 2. Note that by the
induction hypothesis in OPT* (k) all blocks not in Y41 are
fetched after the Topr — k+1th I/O. Moreover, since q is in
phase(k + 1), so is p, indicating that the number of distinct
blocks in Y% +; between g and p is at most M — 2.

Case 3: p = ¢.

In this case, in OPT* (1), we set ¢ to be fetched in the last
I/O and not cache it (if it was cached in OPT) or cancel
the previous I/O for it (if it was fetched after its previous
reference). As in the previous case, this transformation will
lead to a valid schedule as the number of blocks in Y41
referenced after ¢ is at most M — 1. []

A.2 Competitive ratio of Supervisor

LEMMA 1. The number of I/Os done by SUPERVISOR to
fetch the first set of L distinct references of a phase s at
most equal to the number of clean blocks in that set.

PRrROOF. From the definition of the priority assignment
scheme, it can be seen that (a) blocks in the buffer which are
present in the lookahead have a higher priority than blocks
which are not present in the lookahead, and (b) among the
blocks in the buffer which are not present in the lookahead,
a lower priority is assigned to a block whose past reference
was earlier in the past. This indicates that when blocks are
evicted, the blocks in the buffer that are not in the looka-
head and whose prior reference was earlier in the past are
preferred.

Since there are exactly M distinct blocks in a phase, once
a block has been fetched, it will not be evicted as there will
always be some other block which is not in the lookahead
but which is present in the buffer. Hence at the end of a
phase, if a block is present in the buffer of SUPERVISOR,
then it is either a block that is referenced in that phase, or
it is a block which is a clean block from the first lookahead
window — the first set of references comprised of L distinct
requests — of the next phase 2.

Consider the I/Os done by SUPERVISOR in phase(s). From
the previous argument, the number of I/Os done by SUPER-
VISOR to service the first lookahead window is no more than
the number of clean blocks in this lookahead. [

LEMMA 2. The total number of blocks fetched by OPT is
at least half the total number of clean blocks in the reference
string.

PROOF. We can show that the total number of blocks
fetched by OPT is at least ) c¢;/2, using an analysis simi-
lar to one used to bound the competitive ratio of marking
algorithms in [?]; we briefly repeat it here for convenience.
Let n; clean blocks of phase(z) be present in OPT’s buffer
at the start of phase(7). Hence the number of blocks fetched
by OPT in phase() is at least ¢; —n;. Also since n;41 clean
blocks are present in OPT’s buffer at the end of phase(s),
OPT must have fetched at least n;11 blocks in phase(s).
Hence the number of blocks fetched by OPT in phase(4) is
at least (¢; — ni + niy1)/2. This, when summed over all
phases, gives the result that OPT should have fetched at
least )" ci/2 blocks and hence should have done at least
> ei/2D1/0s. O

LEMMA 3. When L < M the competitive ratio of SUPER-
VISOR is O(M — L + D).

PrOOF. Consider the I/Os done by SUPERVISORIin
phase(z). From Lemma 1 the number of I/Os done by su-
PERVISOR to service the first lookahead window is no more
than the number of clean blocks in this lookahead. There
are at most M — L other blocks referenced in the rest of
the phase, and hence the number of I/Os done by SUPERVI-
SORin the rest of the phase is at most M — L. Hence the
total number of I/Os done by SUPERVISORin phase(4) is at
most ¢; + M — L. We will next show that the total number
of I/Os done by OPT is Y ¢;/2D, where the sum is taken
over all phases in X, or (N), where N is the total number
of phases in the reference string; hence the competitive ratio
of SUPERVISOR will be O(D + M — L).

2Sequential paging algorithms with this property have been
previously referred to as marking algorithms [?].



From Lemma 2 the total number of blocks fetched by OPT
is at least Y. c;/2. Hence OPT should have done at least
> ¢;/2D 1/0s. Additionally, in any set of two consecutive
phases there are a total of at least M +1 distinct blocks that
are referenced. Hence OPT should do at least one I/O in
every set set of two phases, which gives the second bound of
Q(N) on the total number of I/Os done by OPT to service
. O

LEMMA 4. When L > M the competitive ratio of SUPER-
VISOR is O(MD/L).

PrOOF. Let us divide the reference string 3 into subse-
quences L1,---,L,, where £; is the lookahead available to
SUPERVISOR initially, and £; is the lookahead window avail-
able to SUPERVISOR after servicing the last reference of £;_1.
Note that, from the definition of global L-block lookahead,
there are L distinct references in each L;.

Consider the optimal length schedule OPT to service X.
Let us partition the schedule into sub schedules, each con-
sisting of a sequence of contiguous I/Os of the original sched-
ule. Let the ith sub-schedule S; start with the I/O following
the last I/O of sub-schedule S; 1 and end with the last I/O
in which a block from L; is fetched; let Sy start with the
first I/O. In the case when L > M it can be noted that each
S; consists of at least one I/O.

First consider the case when L > 2M. OPT needs to do
at least (L— M)/D I/Os in each S; as it could have at most
M blocks in the buffer prior to scheduling L;. Thus in this
case, if the number of lookaheads is N, Topr = Q(NL/D).
The number of I/Os done by SUPERVISOR to service any L;
is less than 2M more than the number of I/Os in S;. Thus
Tsuper < Topt + 2NM, thereby completing the proof for
this case.

The other case when L < 2M is simpler. By Lemma 1, the
number of I/Os done by SUPERVISORin the first lookahead
of any phase is at most the number of clean blocks in that
lookahead. However, when the lookahead is more than M,
the entire phase is a part of the lookahead. Hence the total
number of I/Os done by SUPERVISORIn the reference string
is no more than the total number of clean blocks in the
reference string, . ¢;. On the other hand, by Lemma 2, the
total number of blocks fetched by OPT is at least half the
total number of clean blocks in the reference string. Thus
the total number of I/Os done by OPT is at least ), ¢;/2D.
This gives the result that the ratio of the number of I/Os
done by SUPERVISOR to the number of I/Os done by OPT is
at most O(D) when M < L < 2M. O



