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Abstract— This paper develops a novel approach to
queuing analysis tailor -made for multiscale long-range-
dependent(LRD) traffic models. We review two such traf-
fic models,the wavelet-domainindependentGaussianmodel
(WIG) and the multifractal wavelet model (MWM). The
WIG model is a recentgeneralizationof the ubiquitous frac-
tional Brownian motion process.Both modelsarebasedon a
multiscalebinary tr eestructur ethat capturesthe correlation
structur eof traffic and henceits LRD. Dueto its additivena-
tur e, the WIG is inherently Gaussian,while the multiplica-
tive MWM is non-Gaussian. The MWM is set within the
framework of multifractals, which provide natural tools to
measure the multiscale statistical propertiesof traffic loads,
in particular their burstiness.

Our queuing analysis leveragesthe tr ee structur e of the
modelsand providesa simple closed-form approximation to
the tail queue probability for any given queue size. This
makesthe WIG and MWM suitable for numerouspractical
applications, including congestioncontrol, admission con-
tr ol, and cross-traffic estimation. The queuing analysis re-
veals that the marginal distrib ution and, in particular , the
large values of traffic at differ ent time scalesstrongly af-
fect queuing. This implies that merely modeling the traffic
variance at multiple time scales,or equivalently, the second-
order correlation structur e,canbe insufficient for capturing
the queuing behavior of real traffic. We confirm theseana-
lytical findings by comparing the queuing behavior of WIG
and MWM traffic thr oughsimulations.

I . INTRODUCTION

Traffic modelsplay a significantrôle in network engineering.
First,they helpidentify thekey propertiesof traffic affectingper-
formancethroughbothanalysisandsimulation.Second,they are
essentialto on-linepredictionandestimationalgorithms.Third,
they helpunravel thecausesof complex network traffic dynam-�
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ics.
Onecrucialpropertyof high-speednetwork traffic is thepres-

enceof long-rangedependence(LRD), whichwasdemonstrated
convincingly in the landmarkpaperof Lelandet al [2]. There,
measurementsof traffic load on an Ethernetdisplayedfractal
behavior or self-similarity, i.e., the traffic “looked statistically
similar” (highly variable)on all time scales.Thesefeaturesare
inadequatelydescribedby classicaltraffic modelssuchashomo-
geneousPoissonor Markov models.

The LRD of datatraffic hasimportantperformanceimplica-
tions. A single-serverFIFO queuefed with LRD traffic asinput
leadsto muchlargerqueuesizesthanwhenfedwith traffic from
classicalmodels[2–8]. ThisimpliesthatLRD affectspacketloss
anddelayandhencemustbetakeninto accountcarefullywhen
designingnetworks,providing quality-of-service(QoS)guaran-
tees,etc.

AmongthenumerousLRD traffic modelsthathavebeenpro-
posed[7,9], fractionalBrownianmotion(fBm) hasreceivedthe
mostattention,mainlybecauseits Gaussiannatureandits strong
scalingpropertiesfacilitateanalyticalstudiesof its queuingbe-
havior [5,6,8]. Moreover, fBm hashelpedrevealthatclient be-
havior is the causeof self-similarity in traffic over time scales
from a few hundredsof millisecondsandlarger[10,11].

Though fBm is an appropriatetraffic model in somecases
[3, 10,11], it canonly modelreal-world traceswith a rigid, re-
strictive correlationstructure.Indeed,the importanceof short-
termcorrelationshasbeenconvincingly demonstratedfor queu-
ing in finite-lengthbuffers [12–14], andso-calledcritical time
scalesthataffectqueuinghavebeendiscovered[14–16].

Wavelet-basedmultiscalemodelsprovide generalizationsof
fBm with more flexible correlation structures[17–20]. Us-
ing efficient multiscale tree structures,thesemodelsprovide
fast �����
	 synthesisalgorithmsto synthesize� -point datasets
[21,22]. Due to their additive nature,thesemodelsare inher-
ently Gaussian,andsowe will termthemwavelet-domaininde-
pendentGaussian(WIG) models.

As a consequenceof its Gaussiannature,unfortunately, a
WIG model can produceunrealisticsynthetictraffic tracesin
certainsituations.First, Gaussiantraffic cantake negative val-
ueswhile real traffic is inherentlypositive. Second,a Gaussian
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marginalcannotcaptureburstinessonsmalltimescales(seeFig-
ure1 andFigure5). Variousauthorshaveobservedheavy-tailed
marginalsin traffic [23, p. 364], [24], in particularonsmalltime
scalesfrom a few hundredmillisecondsandsmaller. However,
theWIG modelmaybeappropriatefor modelingtraffic at time
scaleson theorderof secondsandlarger, wheretraffic appears
moreGaussian.

In [26], we proposeda simple multiplicative traffic model
called the multifractal wavelet model (MWM). The non-
GaussianMWM capturesthe“spiky” burstsof measuredtraffic
betterthanGaussianmodels(seeFigure1(c)) andmatchesthe
tail queueprobability of measuredtraffic moreaccuratelythan
GaussianLRD traffic models(seeFigure7).

The MWM is a multiplicative cascade.Cascadesare natu-
rally associatedwith apowerful tool calledmultifractalanalysis,
which providesa statisticallanguageandcalculusto character-
ize burstiness.Using multifractal scalingand the simple con-
ceptof cascades,theTCP layerhasbeenidentifiedasthemost
likely componentin thepresenthierarchyof informationtransfer
wherethemultifractalburstsof datatraffic areformed[27–29].

The primary contribution of this paperis a novel multiscale
approachto queuinganalysisthatapplieswheneveramultiscale
representationwith independentinter-scaleinnovationsof the
traffic load(suchasin the WIG or the MWM) is anacceptable
approximationof reality. Thequeuelengthof aninfinite-length
buffer with constantlink capacity � (assumingthe queuewas
emptysometime in thepast)obeys theidentity [30]��������� ����� ������� �!	#" (1)

Here �$� ��� is thetotal traffic thatenteredthequeuein thepast �
time instants.In otherwords,thequeuesize

�
is a functionof

thetraffic arrivalsaggregatedatmultiple timescalescorrespond-
ing to � time units. In themultiscalerepresentationof theWIG
andMWM models,suchaggregatesappearexplicitly at dyadic
time scales,i.e., for � &%('*),+.-0/ / 1

, andthesedyadicscale
aggregatesarerelatedto eachotherby independentrandomin-
novations.We exploit this factto deriveanapproximationto the
tail queueprobability.

The resultingqueuingformula,which we call the multiscale
queuingformula(MSQ),2 is non-asymptotic,i.e., it is valid for any queuelength,2 closelyapproximatesthe tail queueprobability, asthe ex-

perimentsin SectionIV verify (seeFigure7),2 requirestraffic statisticsat only a few dyadic time scales,
and2 is easy-to-use.

As aconsequence,theWIG andMWM becomeviablefor appli-
cationsrequiringmodelswith accuratequeuingformulas[31].

The MSQ reveals that the tail behavior of the multiscale
marginalsof thetraffic loadsignificantlyimpactsqueuing.Since
LRD capturesonly thevarianceof traffic atmultiple timescales,
it inadequatelycapturesqueuingbehavior andleadsto poorpre-
dictionsof the tail queueprobability. We will demonstratethat
themultiplicative structureof theMWM synthesizesmultiscale

marginalsmuchmoresimilarto thatof trainingtraffic tracesthan
theWIG.

In thispaperwewill restrictourattentionto “open-loop”traf-
fic models. Network traffic loadsaredeterminedby a number
of factors,including userbehavior, the network topology, and
the interactionof numerousprotocolsfrom the applicationto
physical layers. Open-loopmodelstreat traffic tracesas ran-
domprocesses,capturingimportantstatisticalproperties.Such
modelsignore the closed-loopfeedbackusedby the transmis-
sion control protocol (TCP) for congestioncontrol. They are
usefulmodelsfor userdatagramprotocol(UDP) traffic aswell
asfor TCP traffic in situationswhereTCP’s closedloop is not
significantlyaffected,for exampleapplicationslike cross-traffic
estimation[31]. For certainnetwork designapplicationslikeset-
ting link capacitiesor routerbuffer sizes,open-loopmodelswith
fixedparameterscangiveerroneousresults[32].

In SectionII we introducefBm andtheWIG. SectionIII de-
scribestheMWM anddemonstratesits superiorityovertheWIG
model in capturingthe marginalsof traffic. We introduceour
multiscalequeuingformula(MSQ) in SectionIV andapplyit to
both the WIG andMWM. We alsoexperimentallydemonstrate
theimportanceof thenon-Gaussiannatureof traffic on queuing
andprovide empiricalevidencefor theaccuracy of our theoret-
ical queuingformulas.We useour queuingformulasto explain
why marginalsandLRD affect queuingin SectionV andcon-
cludein SectionVI. AppendicesA andB proveLemmatarelated
to theMSQ formula.

I I . CLASSICAL MULTISCALE MODELS

FOR LRD PROCESSES

A. Long-rangedependence

Considera discrete-time,wide-sensestationaryrandompro-
cess 354�� 67� ) 6 - 898 :

with auto-covariancefunction �5;<� =>�@? A#B C �D4�� 67� ) 4$� 6FE�=>�G	 . A changein time scalecanberepresented
by forming theaggregateprocess4IH 'KJ � 67� , which is obtainedby
summing4$� 67� overnon-overlappingblocksof length

+4 H ',J � 67�L?  4$� 6 + � + ENM#�OE0P5P!PQER4$� 6 + �7" (2)

Denotetheauto-covarianceof 4IH ',J by � H 'KJ; . Theprocess4 is
saidto exhibit LRD if its auto-covariancedecaysslowly enough
to renderSUTVXWZY T � ; � =[� infinite [33]. Two additionalequivalent

definitionsof LRD requirethat � H ',J; � \ ��] +_^ `
as

+a^ `
or thatthepowerspectrumb ; �dce	 is singularat c  \ [33].

Oneexampleof anLRD processis fractionalGaussiannoisef
(fGn), the incrementprocessof the fractionalBrownianmo-

tion g (fBm):
f � =[�h?  gN�i�d=jE0MQ	lkm�n�og�� =�km� with k aconstant

time lag. fGn’sautocorrelationis givenby�5pq� =[� sret%vu k u txw�y u =jE0M u txw � % u = u txw E u =*�zM u t�w|{ (3)

with r t 
var ��gL�}M!�G	 . TheLRD of fGn is capturedby theHurst

parameter~ . For ~a��MQ] % , the correlationis positive with
increasingstrengthas ~ ^ M . Note that���5pq� =[�@�.= t�w Y t�

In thesequel,“ � ” denotesasymptoticdecay.
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(a) AUCK traffic (b) WIG synthesis (c) MWM synthesis
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Fig. 1. Modelingbursty traffic data.Arrival processesof bytesper � msfor (a) wide-areatraffic at theUniversity of Auckland(AUCK) [25], (b) onerealizationof
thestate-of-the-artwavelet-domainindependentGaussian(WIG) model[21], and(c) onerealizationof themultifractalwaveletmodel(MWM) synthesis.The
MWM tracecloselyresemblestherealdata,while theWIG tracedoesnot. Notein particularthemany negative valuesof theWIG.

andthus ~��sM . A simpleestimationprocedurefor ~ , called
the variance-timeplot, makes useof the fact that � H ',Jp � =[� � p � =[� + t�w . Thus, a line fitted to the plot of an estimateof� B�� var� f H ',J � against

� B�� + will have slope
% ~ . The main ad-

vantageof thismethodliesin its simplicity. However, it is biased
andoften inaccurate.More reliableestimatorsof ~ have been
devised[34], in particulara wavelet-basedunbiasedone[35].

B. Multiscaletrees

Multiscale treesprovide a simple framework for visualizing
andexploiting therelationshipbetweentheaggregates4IH ',J of
a processat multiple time scales.They arethebasicingredient
of themultiscalemodelsandqueuinganalysiswewill discussin
thispaper.

Considera process4 , for examplethe numberof bytesper
millisecondof traffic arriving at a router, and let us iteratively
constructa particularmultiscalerepresentation.Due to the na-
ture of this representation,we will considera processof

%(�
data points for some integer � ; say for simplicity 4�� =[� for=  \ ) "!"5" )x%�� ��M . To start the iteration, let � �>� V ?  4$� =>� .
The � �O� V form thenodesat thelowestlevel � of thebinarymul-
tiscaletreeof Figure2(a). Nodesat higherlevelscorrespondto
coarserresolutionsof theprocess4�� =[� ; i.e.,t�O� � V ?  4 H t��(�(� J � =>�d" (4)

Clearly, every parentnodeis the sumof its two childrenat the
next finerscale.Thecoarsestresolutionconsistsof asinglenode,
the tree-root ��� � � , that equalsthe total traffic thatarrivesat the
routerin the

%��
timeunits.

To performa multiscaleanalysisof a giventraffic trace4$� =>� ,
we flow up the multiscaletree, forming nodesat coarsertime
scalesby aggregatingnodesat finer scales.Multiscaleanalysis
techniquessuchasvariance-timeplot analysis(seeSectionII-A)
andmultifractalanalysis(seeSectionIII-C) usetraffic statistics
atdifferentlevelsof themultiscaletree.

Apart from analysis,multiscaletreescanalsobeusedfor syn-
thesisof traffic. Startingfrom the tree-root,we canflow down
the treegeneratingnodesat finer scalesto synthesizea process�

This notationdiffers from thatin ourotherpaperson theMWM [1,26,36].
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Fig. 2. (a) Multiscaletreerepresentationof a traffic trace. Nodesat eachhor-
izontal level in the treecorrespondto the sum(aggregates)of the process
in non-overlappingblocksof sizesof powersof two, with lower levels cor-
respondingto smallerblock sizes. Eachnodeis the sum of its two child
nodes.(b) TheWIG model.Thesibling nodes¢#£�¤ �¦¥ �¦§ and ¢#£x¤ �¦¥ �¦§ ¤ � are
generatedasthe sumanddifferenceof the parentnode ¢#£ ¥ § anda random
Gaussianinnovation ¨ £ ¥ § . Within eachscale(i.e., for fixed © ) the ¨ £ ¥ § ’sare
i.i.d. ª
«¬�®�¯ �£[° randomvariables.

4$� =[� with certainstatistics.Wenext describetwo suchsynthesis
techniques.

C. Multiscaletreesfor Gaussiansignals:WIG model

The additive natureof computingnodesat coarserlevels in
the multiscaletree(seeFigure2(a)) suggestsa simpleadditive
multiscalemodel for LRD traffic [17–21] that is equivalent to
theHaarwaveletsystem[37].

Startingatthenode�O� � V , wemodelits two childnodes�>��± � � t V
and � ��± � � t V ± � using independentadditiverandominnovations² � � V , through(seeFigure2(b))� ��± � � t V ?  �d� � � V E ² � � V 	�] %O)�O��± � � t V ± � ?  �d�>� � V � ² � � V 	�] % " (5)

Sincethe
² � � V ’s are(up to normalizationconstants)exactly the

Haarwavelet coefficientsof the resultingprocess,we call this
modelthewavelet-domainindependentGaussian(WIG) model.
The

² � � V ’s mustbe identicallydistributedwithin scale³ to pro-
vide a first-orderstationaryprocess.The pyramid structureof
(5) resultsin a rapid �����
	 algorithm for synthesizingan � -
point traffic trace[21].

Due to theCentralLimit Theorem(CLT), we expectthedis-
tributionsof thenodes�>� � V to becomeGaussianas ³ ^´`

. It is
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natural,then,to useGaussianvariablesfor ��� � � and
² � � V .

In the sequel,whenreferringto momentsof multiscaleran-
dom variablesthat are identically distributed within scale,we
droptheir locationcoordinatefor convenience.For examplewe
write

/ µ � �O� � V � as
/ µ � �O�!� .

To synthesizean LRD processwith a desiredvariance-time
plot,wemerelyto choosethevariancesof the

² � � V appropriately,
since

var� � ��± � �  � var� � � �>E var� ² � �D	¶] ·¶" (6)

In particular, choosinģ� � � �_¹ º � +»% � ) r t % t � w 	 and² � � V ¹ ºs¼ \ ) r t % t H � Y � J w y % t Y txw �zM {5½ (7)

providesa Gaussianprocesswith var� � � �  r t % t H � Y � J w , i.e.,
with the samevariance-timeplot as fGn with Hurst parameter~ , mean

+
, andvariancer t at thefinesttime scale� .

I I I . MULTIFRACTAL WAVELET MODEL

A. Multiscaletreesfor positivesignals:MWM model

TheWIG modelis Gaussianby construction,andany additive
modelof the form (5) will besoat leastapproximately. This is
in sharpcontrastwith the fact thatnetwork traffic signals(such
asloadsandinterarrival times)canbe highly “spiky” andnon-
Gaussian(recallFigure1(a)).Weseekamoreaccuratemarginal
characterizationfor thesebursty, non-negative LRD processes
yetwish to retainthesimplicity of a tree-basedmodel.

Themultifractal waveletmodel(MWM) we proposedin [26]
achievesthis with asimplemodificationto theWIG model.Un-
like the additive WIG, the MWM usesindependentmultiplica-
tive innovations ¾�� � V , modelingthe two children �>��± � � t V and�O��± � � t V ± � of node �>� � V as(seeFigure3(a))� ��± � � t V ?  � � � V ¾ � � V )� ��± � � t V ± � ?  � � � V �nM¿�I¾ � � V 	#" (8)

By choosing ¾ � � V - � \ ) M!� and �¶� � �zÀÁ\ , we ensurepositive
valuesat all nodeson the tree. Requiringthat the multipliers¾ � � V besymmetricabout MQ] % andidenticallydistributedwithin
scaleensuresfirst-orderstationarityof the processat the finest
scale� [26]. A similarmultiplicativemodelhasbeendeveloped
in [38], whereit is appliedto Bayesianestimationof theintensity
of aPoissonprocess.

It remainsto choosea distribution for the multipliers ¾ � � V
and the tree-root � � � � . Due to the CLT and the multiplicative
scheme,we expectanapproximatelylognormalprocessat finer
time scales.Sincea productof lognormalrandomvariablesis
alsolognormal,the mostnaturalchoicefor the multipliers is a
lognormaldistribution. However, we require ¾�� � V - � \ ) M!� and
sosuggestthesymmetricbetadistribution [39], i.e.,¾ � � V ¹NÂ �ÄÃ � ) Ã � 	 (9)Å

Thesymbol“ Æ ” denotes“distributedas.”
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Fig. 3. The MWM model. (a) At scale © , generatethe multiplier Ù £ ¥ § ÆÚ « Û £ ®Û £ ° , andthenform thetwo nodesat scale©ÝÜ»Þ by multiplying ¢ £ ¥ §
with Ùß£ ¥ § and Þ�àáÙß£ ¥ § . (b) Probabilitydensityfunction(PDF)of a

Ú « Û>®Û °
randomvariable. For Ûãâz¬�ä å , Ú « Û>®iÛ ° resemblesa binomial distribution,
while for ÛßâIÞ it reducesto theuniform density. For Ûmæ
Þ , thedensityis
closeto a truncatedGaussianwith increasingresemblanceasÛ increases.

with variance

var� Â �ÄÃ � ) Ã � 	7�  MQ]��D·oE$ç#Ã � 	#" (10)

Thisdistributionis amenableto closed-formcalculationsandhas
aflexible shape(seeFigure3(b)). WeusethebetaparametersÃ �
to matchthesecond-orderstatisticsof traffic. By usingmultipli-
erswith moreparametersthanthe Â -distribution,theMWM can
exactlymatchhigher-ordermomentsof trainingdata[26].

In general,any distribution with positive supportcanbeused
for �¶� � � . However, in this paperwe chooseto model �¶� � � asa
betarandomvariable,i.e.,�¶� � � ¹�è ¾ Y � (11)

with è Àé\ a constantand ¾ Y � ¹êÂ �}Ã Y � )xë Y � 	 . Even though
(11)bounds� �>� V to amaximumvalue è , wechooseabetadistri-
bution to facilitateapproximationsin thequeuinganalysisof the
MWM in SectionIV below. Notethatif Ã Y ��ìíë Y � , ¾ Y � is an
asymmetricbetarandomvariable.In casetraffic is notGaussian
at thecoarsestresolution,anasymmetricbetarandomvariableis
anappropriatechoicefor ¾ Y � . However, oftenatcoarseenough
resolutions,traffic marginalsappearGaussiandue to aggrega-
tion. Sincesymmetricbetarandomvariablesresembletruncated
Gaussianrandomvariables(seeFigure3(b)) we model ¾ Y � as
a symmetricbetarandomvariable,i.e.,wesetÃ Y � �ë Y � .

Thepyramidschemeof (8) andFigure3(a)constructs� sam-
plesof the MWM signal in ������	 computations.In fact, syn-
thesisof a traceof length

% �nî datapointstakesjust secondsof
workstationCPUtime.

B. MWMmodeltraining

Training the MWM requiressetting the parametersè andÃO� ) ³  �ïM ) \ ) M ) "!"5" ) �»�0M . We usetheseparametersto match
themeanandsecondmomentof thetreenodesof a giventraffic
trace.Theparametersè andÃ Y � (see(11))of ��� � � aresetasè U%Z/ µ � �¶� � �!� and Ã Y �  M%Rð � / µ � �¶� � �!�G	 t

var� � � � � � ��M5ñò" (12)

From(8), weobtain/ µ � � t��± � �  / µ � � t� � / µ � ¾ t� �
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 è t �óô WZY � / µ � ¾ tô � ) ³  �ïM ) \ ) "5"!" ) �L�zM�" (13)

Then(10)and(13)giveÃO�  / µ � � t� ��� %(/ µ � � t��± � �· / µ � � t��± � �õ� / µ � � t� � ) \*�I³ö�z�÷��M�" (14)

Thus,by choosingthe Ã�� ’s,wecanmatchestimatesof
/ µ � � t��± � � .

Since
/ µ � �>�#� Á% Y � / µ � � � � � � , matchingthe secondmomentsof

the �>� ’s is equivalentto matchingtheirvariance.TheparametersÃ � thuscontrol thevarianceson all time scalesandin particular
theLRD parameter~ for self-similartraffic. With oneparam-
eterperscale,theMWM hasapproximately

� B�� t � parameters
for a traceof length � . To providea moreparsimoniousmodel,
this numbercouldbedrasticallyreducedto, say, matchonly the
asymptoticbehavior of the varianceat multiple scales,i.e., to
matchonly theLRD parameter~ , by settingÃ � �% txw Y t �}Ã � Y � E0MQ	Z��M ] %�) ³  \ ) "!"!" ) �÷�zM�" (15)

Now theonly parametersare ~ , Ã Y � and è .

C. Measuringburstinesson smallscales

So far we have only addressedthe non-Gaussianityof the
MWM model. We now explain why its multiplicative structure
producesa closermatchto the burstinesspresentin tracesof
traffic loads.

Researchontheburstyor fractalnatureof traffic at large time
scaleshashada considerableimpacton networking. The large
time-scaleburstinessof network traffic is now well understoodin
two respects,statisticallyin termsof second-orderself-similarity
(which is capturedin the LRD parameter~ ) andconceptually
throughthe heavy tailed on-off model [2, 9–11]. Also, fractal
queuinganalysishasprovidednetworking-relatedinsights[5,6,
8], mostlyregardingnetwork designandmanagement.

Performancecontrol and QoS, however, also require finer
time-scaleinformationnotcapturedby thelargetime-scaleLRD
characteristics.Wethusneedadifferenttool capableof address-
ing small time-scalevariability andbursts.Multifractal analysis
doesexactly this.

Currentanalysesof flow control mechanismsconsidertime-
scalesof theorderof round-triptimesandeithersimplify or ig-
norefiner time-scaledynamicsto make thesystemamenableto
analysis[40]. However, network loadsvary considerablyand
“instantaneousarrival rates” changedrastically at small time
scales,which aswe will show in SectionIV affectsqueuingbe-
havior. Sincethenotionof aconstantrateat infinitely finescales
is meaningless,how canwe measurethe strengthof traffic ar-
rivalsin a meaningfulway?

One way of measuringburstinessis through scaling expo-
nents. Considera positivecontinuous-timeprocessøù�D6l	 , which
shouldbe thoughtof asthe total traffic arriving in the time in-
terval � \ ) 67� . Considerthecasewhere ø variesconsiderablyand
so is not differentiable. One way of sayingthat ø is not dif-
ferentiableis that it cannotbe approximatedlocally by a linear

function. The strengthof the burst of arrivals at time 6 andon
scaleú is bestmeasuredby ascalingexponentûK�D6l	 :u øã��6eE$ú(	Z�üøã��6l	 u�ý ú(þ Hiÿ J " (16)

Thesmaller û ��6l	 , the larger the incrementsof ø aroundtime 6 ,
andthe“burstier” ø is at thattime 6 .

TheMWM construction(see(8) andFigure3(a)),whencon-
tinuedto thelimit of infinite resolution,is exactlythatof amulti-
fractalbinomialcascade[26]. Thetermmultifractal refersto the
fact that thedegreeof burstiness(or scalingexponent)assumes
differentvaluesandvariesdrasticallyasa functionof time 6 .

At the heartof multifractal analysislies the multifractal for-
malism[26], which relatesthe scalingbehavior of samplemo-
mentsof a traceto the frequency of occurrenceof “bursts” of
differentstrengthû ��6l	 in thattrace.This formalismexploits the
momentsof all orders,unlike theconceptof LRD which relies
on second-orderstatisticsonly.

The multifractal formalism relates non-Gaussianityand
burstinessexplicitly andfurnishesasolid formalismonwhichto
explain thesuperiorityof themultiplicative MWM over thead-
ditive WIG in modelingburstynetwork traffic loads.Moreover,
asweelaboratein AppendixB, this formalismis instrumentalin
relatingthe burstinessof traffic to the rangeof queuesizesfor
which theanalyticqueuingformulaof SectionIV is valid.

D. Revealingstructure in burstiness

Throughthemultifractalformalism,assessingthepresenceof
burstsof differentstrengthin an efficient, compactmannerbe-
comesnumericallyfeasible. To this end, let � � ��ûZ	 denotethe
numberof burstsof strengthû at scaleú �% Y � (see(16)).

In a nutshell, the multifractal formalism relates �|����ûZ	 , the
frequency of burstsof givenstrength,to the decayrate

� � ë 	 of
themomentsof ø acrossdyadicscales:/ µ �� t � Y ��V � W ���� øã����= �KE0MQ	 % Y � 	Z�vøã��= � % Y � 	 �� �	�
 ý % Y ��� H � J " (17)

Theformalismstatesthatundersuitableconditions[41]� � ��ûZ	 ý % ���� H þ J ) (18)

where
���

is theLegendre transformof
�

, i.e.,��� ��ûh	,? ������� � ë û
� � � ë 	n	 " (19)

TheLegendretransform
��� ��ûh	 givesthesmallestdistancebe-

tweenthe straightline
ë û and the function

� � ë 	 . If
��� ��ûh	 is

negative for some û , then(18) meansthat thereis no exponentû ��6l	  û in thesignal.Sincethetime instanceswith equal ûK�D6l	
form highly interwoven fractal sets,

��� ��ûh	 is called the multi-
fractal spectrum. (For a morerigorous,in-depthpresentationas
well asa setof relevantreferences,see[26,41].)

In practice,traffic tracespossessa minimum time resolution
andhencea finite rangeof dyadic time scales. In order to es-
timate

� � ë 	 from suchdatasets,it is customaryto extract the
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Fig.4. Multifractal spectraof theAUCK dataandonerealizationof theWIG and
MWM models. The MWM spectrummatchesthat of the real dataclosely
except for large valuesof � (correspondingto small valuesof the signal).
In particular, it capturesthelargeburstsin thetraffic correspondingto small
valuesof � betterthantheWIG model. Gaussianmomentsdo not exist for��� àÝÞ , hencetheWIG spectrumis not definedfor �<æ÷Þ .

scalinglaws (17) from log-log plots. For a tree-basedmodel,
this readsas � � ë 	  � M³ � B�� t / µ �� t � Y ��V W � u �>� � V u � �
 )

(20)

whichwe useto obtainthemultifractalspectraof Figure4.
For the MWM, assumingthat the multipliers ¾v� � V converge

in distribution to a limiting randomvariable ¾ ¹ Â �ÄÃ ) Ã 	 , we
find�

MWM � ë 	  �ïM¿� � B�� t / µ � ¾ � � (21) � �ïM¿� � B�� t�� H � ± � J � H t � J� H t � ± � J � H � J if
ë ���ÝÃ� `

if
ë ���ÝÃ "

For the WIG with fBm scaling,i.e., � � ¹�º ��\ )X% Y t � w 	 , we
obtain �

WIG � ë 	 "! ë ~&�zM for
ë �U�ïM� `

for
ë �U�ïM . (22)

Due to its linear shape,the Legendretransformof
�

WIG de-
generatesto asinglepoint. Thiscorrespondsto thefactthatfBm
possessesonly onedegreeof “burstiness”( ûK�D6l	  ~ ), which
is omnipresent[41]. Consequently, fBm (or its incrementspro-
cessfGn) cannotcapturethe complicatedmultifractal behavior
or burstinessof realWAN traffic.

Even without a strict fBm scaling,the WIG cannotpossess
multifractalpropertiessimilarto theMWM [26]. For anadditive
modelto exhibit multifractalbehavior, thevariancesof the

² � � V ’s
mustdependnotonly onscale³ but alsoon thelocation = or the
line of ancestors.The narrow spectrumof the WIG in Figure
4 demonstratesthis fact, thoughit is not a singlepoint due to
difficultiesinherentto any numericalestimationof thepartition
function

� � ë 	 andits Legendretransform.#$
Let usmentiontwo suchdifficulties. First, samplemomentsareonly anap-

proximationto thetruemoments,andsowecannotexpectto numericallyobtain

E. MatchingburstinessandLRD

We now describetheprocedurefor matchingor fitting multi-
scaletreemodelsto giventraffic tracesandthenusetwo traces
to comparetheWIG with theMWM.

The fit: Givenatraceof
%(�

datapoints,wesplit thetraceinto% %jí%'&
subtracesof length

%(� Y &
andfit treesof depth�@�)( to

thesesubtraces.Wedothisto retainenoughstatisticsfor reliable
estimationof var� �O�!� at thecoarsestlevel.

Using the estimatesfor var� � � � aswell as the overall mean,
we obtainthe treeparametersusing(6) for the WIG andusing
(12) and (14) for the MWM. The traces: The two traceswe
useareAUCK, which containsthe numberof bytesper

%
ms of

recordedWAN traffic (mostly TCP packets) [25] andVIDEO,
which consistsof M*( videoclips multiplexedwith randomstart-
ing points[42]. Thefinesttime scalein VIDEO correspondsto% ",+-+ ms, MQ]>M*( thedurationof a singleframe. Themeanratesof
AUCK andVIDEO are M�" ·.(-/ Mbpsand ( % " ç Mbps, respectively.
AUCK containsM�" ç10LM5\32 datapointsandVIDEO

% �lî . TheHurst
parameterof AUCK obtainedfrom the variance-timeplot using
time scales(�M % ms to

% / % "iM5·�· s is ~  \¶" ç3/ . For VIDEO, we
find ~  \�" ç(· usingtime scales

% ( · msto 4�\¶" +'/ s.

WIG vs. MWM: Figure1 demonstratesthat theMWM pro-
ducespositive “spiky” dataakin to theAUCK traffic, contraryto
the WIG model. The marginalsof the tracesandmodelsdis-
played in Figures5 and 6 confirm this fact. This is remark-
able,sincethe parametersof both the WIG andthe MWM are
usedsolelyto matchthecorrelationstructure(or equivalentlythe
variance-timeplot) of thegiventrace(seeFigures5(d)and6(d)).
Thesuperiorityof the MWM indicatesthatboth its multiplica-
tivestructureandthechoiceof Â -distributionsfor themultipliers
arenaturalfor modelingthis dataset.

For a moresophisticatedcomparisonthat takeshigher-order
correlationsinto account,seethe multifractal spectra

��� ��ûh	 of
AUCK in Figure 4. As explainedin SectionIII-C, theseplots
visualizetheamountof burstinessin a signal.Smallvaluesof û
correspondto strongbursts,large û to smoothpartsin thesignal.
Thelargerthe

��� ��ûZ	 , themoreoftenburstsof thisstrengthû are
encounteredin thesignal.As shouldbeexpectedfrom theabove
comparison,theMWM is superior, matchingthespectrumof the
traceparticularlywell in theburstyparts.Thisresultwill become
usefulwhenwe discussqueuingperformancein SectionIV.

This comparisonis summarizedin TableI. It is notablethat
the multiplicative MWM is somewhat more accuratethan the
GaussianWIG even in the caseof VIDEO, a tracethat comes
close to a Gaussianprocess. We mentionherealso, that the
MWM is flexible enoughto replicatemono-fractal(self-similar)
featuresatcoarsescalesandmultifractalpropertiesonfinescales
[26].

a singlepoint spectrum.Second,themomentscanactuallybeinfinite, asis the
casewith 5 WIG « � ° for ��� àÝÞ (see(22)). Consequently, wehaveomittedthese� -valuesfrom the computationof 576WIG «8� ° which limits the plot of 596WIG to

smallvaluesof � in Figure4.
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(a) AUCK traffic (b) WIG synthesis (c) MWM synthesis (d) Variance-time plots
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Fig. 5. Histogramsof thebytes-per-time processesfor (a) wide-areatraffic at theUniversityof Auckland(traceAUCK) [25], (b) onerealizationof theWIG model,
and(c) onerealizationof theMWM. Note the large probabilitymassover negative valuesfor theWIG model. (d) Variance-timeplotsof AUCK andsynthetic
WIG andMWM datatraces.

(a) VIDEO traffic (b) WIG synthesis (c) MWM synthesis (d) Variance-time plots
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Fig. 6. Histogramsof thebytes-per-time processesfor (a)videotraffic formedby multiplexing Þ;: videotraces(traceVIDEO), (b) onerealizationof theWIG model,
and(c) onerealizationof the MWM. Note that the MWM matchesthe marginal of the video traffic betterthanthe WIG; however, the video traffic is more
GaussianthantheAUCK traffic. (d) Variance-timeplotsof VIDEO andsyntheticWIG andMWM datatraces.

TABLE I

Comparisonof thetree-basedWIG andMWM models.For approximatinga

signalwith astrict fGn covariancestructureasin (3), boththeWIG andMWM

requireonly threeparameters(mean,variance,and < ).

WIG MWM
nature
building independent independent
blocks waveletcoeffs. multipliers
marginals Gaussian asymp.lognormal
bursts monofractal multifractal
parameters

% E � B�� t � % E � B�� t �
complexity �����
	 �����
	
AUCK

marginals not matched closefit
LRD matched matched
bursts not matched closefit

VIDEO

marginals closefit closefit
LRD matched matched
bursts matched closefit

IV. MULTISCALE QUEUING ANALYSIS

In this section,we develop a novel queuinganalysisthat is
particularlyadaptedto multiscalerepresentationsof signalsand
processes.More precisely, exploiting the binary treestructure
usedin both the WIG andthe MWM traffic models,we derive
approximateformulasfor their tail queueprobability.

A. Analyticqueuingfor tree-basedmultiscalemodels

Considera discrete-timerandomprocess=o� >d� ) > - 8}8
, the

amountof traffic pertime unit thatentersaninfinite buffer, sin-
gleserverqueuewith servicerateof � bytespertimeunit.

Let
� � >d� representthequeuesizeat time instant > . Denoteby�$� ��� theaggregatetraffic arriving betweentime instants�¿�KEòM

and \ ; i.e., �$� �5�h?  ��ô WÝY � ± � =o� >d�7" (23)

In the sequel,we refer to �$� ��� asrepresentingthe dataat time
scale� . Set �$� \ �  \ . Recursively applyingLindley’sequation
[30], � � \ � �?A@CB 3 � �i�ïM#�[E$�$�iM#�¶�ü� ) \ :�) (24)

it is easilyshown that� � \ � �?D@'B 3 � �i�¿�5�dEj�$� ���n� � � ) ��� �ß�zM �n�*�����mMQ	n� ) P!P!P ) ��� \(� : "
(25)

Since
� �i�¿�5� Àz\ for all � , wemusthave� � \ �FÀ �l����FE'G G H ���$� ���õ�v�Q�5	 " (26)

Denotingby �¿6 thelastinstantwhenthequeuewasemptybefore
time instant \ (weset �¿6  \ if

� � \ �  \ ), we obtain� � \ �  �$� 67�¶��6n�ß� �l����FE'G G H ���$� ���õ�v� �!	 " (27)

Thusif thequeuewasemptyatsometime in thepast,then� � \ �  �l�¶��FE'G G H ���$� ���õ�v�Q�5	e" (28)
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(a)AUCK vs. WIG (b) AUCK vs. MWM
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(c) VIDEO vs. WIG (d) VIDEO vs. MWM
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Fig. 7. Queuingperformanceof real datatracesandsyntheticWIG andMWM traces.In (b), we observe that theMWM synthesismatchesthequeuingbehavior
of theAUCK dataclosely, while in (a) the WIG synthesisdoesnot. In (c) and(d), we observe that both the WIG andthe MWM matchthe queuingbehavior
of VIDEO. We alsoobserve that theanalyticmultiscalequeuingformula (MSQ) is a closeapproximationto theempiricalqueuingbehavior for bothsynthetic
traffic loads(bothWIG andMWM). Thelink capacitywe usefor experimentswith AUCK is å Mbps( IXåFJ utilization) while thatwith VIDEO is KML Mbps( IMIMJ
utilization). In all experimentsin this paper, theconfidenceintervalscorrespondto aconfidencelevel of LM:FJ .

In thesequelwe will studyexclusively
� � >d� at >  \ andwrite� ? U� � \ � for easeof notation.

Notethat(28)providesadirectlink betweenthequeuesize
�

andtheaggregatesof thetraffic arrival process�$� ��� at multiple
timescales� . This andthe fact that tree-basedmodelsprovide
explicit andsimpleformulasof ��� ��� for dyadictimescales(i.e.,� U%('

) arekey to our analyticalqueuingformula.

Wemakethefollowing threeassumptionsin ourqueuinganal-
ysis,which we justify in SectionsIV-C to IV-E:

A1. Statisticsat dyadic time scalesaccuratelycapturethe
effect of all time scaleson the tail queue probability
P � � �ONX� .

A2. Whenusingamultiscaletreemodel,thejoint distribution
of the ��� % � � (thetraffic volumethathasarrivedin thepast% � time instants)is well-modeledby thatof thenodes� � � t �ontheright-edgeof thetree(seeFigure2). In short,wecan
set �$� %(� Y � �  � � � t � Y � .A3. The eventsof large arrivals at the variousdyadic time
scalesareindependent.

Combiningtheseassumptions,weclaimthatthefollowingap-
proximationis valid:

P � �QP Nx� ý P � �����' E.R � � S S S � �3T ����� % ' �¶�ü� % ' 	 P Nx�
P ������ % ' �õ�v� % ' 	 P N )O+ - 3�\ ) P5P!P ) � : �

ý �ó' W � P � ��� % ' � P NÝER� % ' �7" (29)

This leadsus to proposethe following multiscalequeuingfor-
mula(MSQ)asanapproximationto thetruequeuetail probabil-
ity:

MSQ�UN#	,?  M¿�WV �ô W � P X}�$� %(� Y ô � P NÝER� %�� Y ôZY " (30)

Note that multiscale marginals, i.e., the distributions of�$� % ô � ) >  \ ) "5"!" ) � , enter(30) and not only var���$� % ô �G	 (the
correlationstructure[33] of theprocess).

Beforegoing into a more detailedargumentsupportingthis
approximation,we invite thereaderto inspectFigure7 for con-
vincing numericalsimulationsthatindicatethat

P � � �ONx� ý MSQ�UN!	 (31)

for theburstyAUCK andVIDEO traces.
Theonly parameternotyetspecifiedin theMSQformula(30)

is thedepth � of themodelingtree,i.e., thedifferencebetween
thecoarsestandfinesttimescales.Wewill remarkonthedepen-
denceon � in SectionIV-F.

B. MSQfor theWIGandMWM

To derive explicit expressionsfor the MSQ, we needonly
compute the quantities P � [ ô � 

P X}�$� %(� Y ô � P NÝER� %�� Y ôZY ,
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which we obtain from the cumulative distribution functions
(CDFs)\ of themarginalsat multiple time scales.For tree-based
models,thesecanbe computedexplicitly andsimply from the
tree-root �¶� � � andthe multiscaleinnovations

² � � V or ¾ � � V (see
Figure2(b)andFigure3(a)).

WIG: TheWIG modelis a particularlysimplecase.Due to
its additivecharacter, �$� %(� Y ô �  � ô � t^] Y � is thesumof indepen-
dentGaussianvariables,namelythe tree-rootandthe indepen-
dent innovations(5). Thus, it is Gaussianitself with mean _ ô
andvariancer tô . Weset _ ô and r tô to equalthesamplemeanand
varianceof thenodes� ô � V on themultiscaletreeof themodeled
traffic (seeSectionII-B). Alternatively, given the variancesof�¶� � � and

² � � V , wecomputer tô using(6).
Let usdenotetheCDFof � ô � t ] Y � by `ba ] � c ] . Then,dfehgji Glk �UN#	  M¿� �óô W � `ba ] � c ] �UNÝE�� % � Y ô 	#" (32)

Therearenumerousapproximationsfor GaussianCDFs[39].
MWM: The multiplicative structureof the MWM model

makesobtainingthe multiscalemarginals lessstraightforward,
since�$� %(� Y ô � is theproductof >�E�M independentvariables,i.e.,
thetree-rootandthemultiplicativemultiscaleinnovations.If we
imposelognormaldistributionsfor thetree-rootandinnovations,
thenwe obtainexplicitly known lognormaldistributionsfor the�$� %(� Y ô � . However, this choiceis not feasible,sincewe require
therandominnovationsto beboundedbetween\ and M .

Recall from SectionIII that we settledfor symmetricalbeta
distributions for the multipliers in the MWM model (see(9)).
Using Fan’s result [39,43], we approximatethe distribution of
theproductof independentbetarandomvariablesasanotherbeta
distribution with known parameters.For �$� %(� Y ô � (compare(8)
and(46)) this yields�$� % � Y ô � ¹ è Â �nm ô )�o ô 	 ) (33)

with è aconstant.Theparametersm ô and
o ô aregivenbym ô qp �Zrï� p t 	 Y � � p �sr[	 ) o ô  m ô �lMq� p 	�] pO)

(34)

where
pmN% Y ô

and r  ô Y �ó� WZY � �ÄÃ � E0MQ	% � % ÃO�áE0MQ	 " (35)

This approximationof the distribution of �$� %(� Y ô � matchesthe
meanandvarianceexactly andcloselyapproximatesthefirst M5\
moments[43]. TheparametersÃO� and è areobtainedthroughthe
fitting procedureof SectionIII-B.

DenotetheCDFof Â � � t �Um ô )�o ô 	 by u t<� v ] � w ] (see[39] for nu-
mericalapproximations).Then,we obtaindfexg�ybizy �UN#	  M¿� �óô W � u t<� v ] � w ] �{NZE$� % � Y ô 	 " (36)

In the next threesections,we study the assumptionsof our
queuinganalysis(seeSectionIV-A) in detail.

C. Restrictionto dyadictimescales(A1)

First we restrictthesupremumin (28) to time scalesthatap-
pearnaturallyin amultiscalerepresentation,i.e.,thedyadictime
scales: �}| ?  �����' E.R � � S S S � �3T ����� % ' �õ�v� % ' 	#" (37)

Thefirst approximationof our analysisis then

A1 ? P � � �~NX� ý P � � | ��Nx��" (38)

Clearly,
� | � �

andP � � �~NX�,À P � � | �ONx� . To justify A1
wemustarguefor usingin (37)

1. only timescalessmallerthan
% �

, and
2. only dyadictimescales.
We assumethat

%(�
is larger thanthe longestbusy periodof

thequeue.This justifiesusingonly time scalessmallerthan
%(�

.
To justify usingonly dyadic time scales,we employ the no-

tion of acritical timescale(CTS)[14–16]. Thisnotionprovides
closeapproximationsto bothP � � ��Nx� andP � �}| ��Nx� thatare
easilycomputable.TheCTSis definedas� � ?  arg

�l�¶���E'G G H P � �$� �5���v�#�m��Nx� ) (39)

andthecritical timescalequeue(CTSQ)is definedas

CTSQ�UN!	K?  P � �$� � � ���v� � � �ONx�[" (40)

It hasbeenshown [14–16] that

CTSQ�{N#	 ý P � � ��Nx��" (41)

Clearly, we have

CTSQ�{N#	,� P � � ��Nx��" (42)

Similarly, we introducenow the critical dyadic time scale
(CDTS)as � �| ?  arg

�l���' E.R � � S S S � �3TP � ��� % ' �õ�ü� % ' �~Nx� (43)

andthecritical dyadictimescalequeue(CDTSQ)as

CDTSQ�UN!	K?  P � �$� � �| ���v� � �| ��Nx�[" (44)

The CDTSQ is a computationallyefficient substitutefor the
CTSQ, since it requiresstatisticsat only a few dyadic time
scales.Obviously,

CDTSQ�UN#	,� P � � | �~Nx� � P � � �~NX��" (45)

We startby presentingexperimentalevidenceto validateour
first assumptionA1. In Figure8 we plot P � �QP Nx� againstN for
the WIG and the MWM with parameterscorrespondingto an
fGn correlationstructure(3) with ~  \�" ç . We observe that
the CDTSQ is within an order of magnitudeof P � �QP NX� for
both the WIG and the MWM. Clearly, from (45) this implies
A1. Whenwe vary ~ andthemeanandvarianceof themodels,
thesameresultholds.
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Finally, we give anintuitive explanationfor A1. Dyadictime
scalesform only a small subsetof

/ / 1
, and so

�
(28) and its

approximation
�}|

(37)couldbeverydifferent.Howeverdyadic
timescalesspantheentirerangeof timescalesof interest.Thus,� �

will be sandwichedbetweentwo dyadic time scales,oneof
which is likely to be � �|

. Sincethe time scales� �|
and � �

are
“close”, wecanexpectthatCTSQý CDTSQ.FromFigure8, we
observe that indeedCTSQý CDTSQfor the WIG.

&
From (41)

and(45), this impliesA1.

D. Modeling joint distributionsof traffic arrivals in the multi-
scaletree(A2)

To computeP � ��| ��Nx� , it is necessaryto know thejoint dis-
tribution of the quantities��� % � � (see(37)), the total traffic that
arrivedin thepast

% � time instants.We claim herethat theideal
time instanton a treemodelat which to studythedistributionof
the queuesizeis the last time instant(or the right-mostleaf of
thetree).At this timeinstant,thequantities��� % � � andtheir joint
distributions are explicitly available on the tree, which makes� |

bothmoreaccurateandsimplesimultaneously.
For the sake of the argument,considera queuinganalysis

at a time instant 6  ·>=»E %
at scale ³÷E %

(seeFigure 2).
Then �$�iM#�  � ��± t � # V ± t and ��� % �  � ��± t � # V ± � EU� ��± t � # V ± t .
Clearly, thedependencebetween�$�iM#� and �$� % � is not well rep-
resentedby the tree model at this 6 , since ��� % � is not a node
on the tree. Choosing6  ·[=�EíM , on the otherhand,we have�$�iM#�  � ��± t � # V ± � , �$� % �  � ��± t � # V E<� ��± t � # V ± �  � ��± � � t V , and�$� ·(�  � ��± t � # V5Y t EU"!"5" E0� ��± t � # V ± �  � ��± � � t V5Y � Eò� ��± � � t V .
Now, thedependencebetween�$�iM#� and �$� % � is explicitly mod-
eledin thetreesince �$�iM#� and �$� % � aretreenodes(see(5) and
(8)). However, �$� ·(� is nota nodeon thetree.

In order to have all quantities�$�iM#� ) "5"!" ) �$� %(' � asnodeson
the tree,we mustperformthe queuinganalysisat time instant%(� ��M at scale� , where

% Y �
is thetime unit of interest.Since

thelargestscalecapturedin thetreeis
% �

, weneed��À +
. This

resultsin �$� % ô �  � � Y ô � t � � ] Y � ) for >  \ ) "5"!" )�+ " (46)

Typically, we will work with �  +
, sincethis allows us to

exploit all levelsof thetree.

E. Approximateindependenceof large arrivals on dyadictime
scales(A3)

Obviously (as we just elaborated), the traffic volumes�$�iM#� ) ��� % � ) �$� % � ) "5"!" arenot independent.However, we argue
herethat very largearrivalsover dyadictime intervals, i.e., the
events2�[��ô , where[ ô ?  3Q�$� % � Y ô � P NZE$� % � Y ô :�) (47)

canbeassumedto benearlyindependentof eachother. We also
show thatthis assumptionis conservative in a certainsense.�

Analytical formulas for the CTSQ of fGn make this comparisonbetween
CTSQandCDTSQpossiblefor theWIG. For theMWM, explicit formulasfor
themarginal distributionsat all time scalesarenotavailable.�

Here �7�� denotesthecomplementof theevent � � .

Thenearindependenceof the [ ô ’s is moreintuitive thanthe
independenceof the [��ô ’s, sinceit is basedon the fact that the[ ô ’s arehighly probableevents:Most of thenumbersP � [ ô � are
nearlyindistinguishablefrom M asourcomputationsshow. In the
AppendixB we alsoshow that P � [ ô � convergesexponentially
fastto M as > increases.Thus,knowing that [ ô hasoccurred(a
highly probableevent) doesnot tell us muchaboutthe occur-
renceof [ � (³ ì > ). This impliesthatevents [��ô of largequeue
sizesarenearlyindependentaswell, aswe claimed.

Thefollowing Lemma,whichweprovein AppendixA, helps
usunderstandtheimplicationsof A3 rigorously.

Lemma1: Assumethat the events [ ô areof the form [ ô 3Qb ô P N ô : , where b ô �� �ßE "!"!">E � ô Y � for M»�"><�ê� and
where

� � ) "5"!" )�� � areindependent,otherwisearbitraryrandom
variables.Then,for Mß�O> �z� , we have

P � [ ô u [ ô Y � ) "!"5" ) [ � � À P � [ ô ��" (48)

For both the WIG and the MWM models,the events [ ô (see
(47))canbewritten in theform requiredto applyLemma1 (see
AppendixA). Using(48)we find

P � � | �ONx�  M,� P � � | P Nx�  M¿� P � � �ô W � [ ô � (49) M,� P � [¿�#� �óô W � P � [ ô u [ ô Y � ) "!"!" ) [¿�5�
� M,� �óô W � P � [ ô �  ? MSQ�UN!	 " (50)

If the [ ô wereindeedindependent,thenwewouldhaveequal-
ity: MSQ�UN#	 

P � �}| �ONx� . We concludethat the MSQ is a
conservativeapproximationof theactualdyadicqueuetail prob-
ability. In summary, we have

P � � �ONX� À P � � | �~Nx� � dfehg �UN#	#" (51)

F. Dependenceon thetreedepth

Wehavenotasyetspecifiedthecoarsestandfinesttimescales
to beusedin theMWM. Clearly, thecoarsesttimescalemustbe
chosensothatthemodellooksfarenoughinto thepastto ensure
that the queuewasemptyin the coveredtime rangewith prob-
ability ascloseto M asdesiredor possible.We will assumethis
largestscaleto be fixed for the remainderanddiscusssuitable
choicesfor thefinesttime scale,i.e., thedepthof themodeling
tree � .

For clarity, let usindex quantitiescomputedonatreeof depth� with superscript�D� 	 , i.e.,
dfehg H �(J , �IH ��J � % � � , etc.Also, for the

easeof notationdenoteMSQH �(J �UN#	 by MSQH �(J .
As we increasethe depthof the tree � , i.e., modelthe traffic

atfinerandfiner timeresolutions,thenumberof factorsP � [ H �(Jô �
in the

dfehg H �(J (see(30) or (50)) increases.SinceP � [ H �(Jô �Ý�íM ,dfehg H ��J couldpotentiallyapproachM as � ^ `
, especiallyif

the P � [ H �(Jô � wereconsiderablysmallerthan M . We claim this
cannothappen.

First, note that [ H �(J� is the event of large traffic arrivals at a
level ³ stepsbelow thetree-root(seeFigure2(a)). Having fixed
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Fig. 8. Numericaljustificationthatdyadictime scalesprovide sufficient informationto describequeuing(A1). In this experiment,syntheticWIG andMWM traces
have anfGn correlationstructurewith Hurstparameter<Uâü¬�ä � , meanâ�I units,andstandarddeviation â�I units (see(7) and(15)). The link capacitywas
setto Þl¬ normalizedunits. In (a) and(b) observe thatfor theWIG andMWM, thecritical dyadictime scalequeue(CDTSQ)is within anorderof magnitudeof
theempiricaltail queueprobabilityof thetraces.Also observe from (a) thattheCDTSQis almostidenticalto thecritical time scalequeue(CTSQ)for theWIG,
whichsuggestsits useasacomputationallyefficient substitutefor theCTSQ.A CTSQformulais notavailablefor theMWM.

the largestmodeledtime scale,theseeventsare obviously the
samefor all � , i.e., [ H �(J�  [ H ',J� for all

+v) �éÀê³ . In other
words, M¿� dsehg H �(J  �óô W � P �l[ H �(Jô��  �óô W � P �l[ H ô Jô�� " (52)

Thefollowing Lemma,which we prove in AppendixB, says
that P � [ H �(J� � ^ M fastenoughthat the MSQ doesnot trivially
converge to M . Moreover, the Lemmaprovidesan error bound
for neglectingfiner time scales.To this end,let usintroducethe
idealinfinite-resolutionMSQ:dsehg H T J ?  � �8?�-� T dsehg H �(J  M¿� Tó� W � P � [ H ��J� � " (53)

Wealsorequirethenotionof a thresholdscale� : Let � besuch
that

P ��[ H � J� � À�M¿� % Y � )�� ³�Àò�»" (54)

A practicalvaluefor � is thattimescalewhere?D@'BV �x� � V P N (55)

Lemma2: For the MWM model, a thresholdscale � as in
(54)alwaysexists.Furthermore

MSQH � J � MSQH T J
(56)� MSQH � J P��lM¿� % Y � 	 t E % Y �,± � "

V. IMPACT OF MULTISCALE MARGINALS ON QUEUING

Understandingthe impact of traffic loadson queuingdelay
and loss statisticsis fundamentalto network engineeringand
control. Analytical queuingformulas[1, 5,6] cansignificantly
influencethe designof networks and lead to novel algorithms
for controlandestimation[31].

LRD is onecrucial propertyof traffic that impactsqueuing.
The tail queuedistribution of fGn traffic fed into an infinite
buffer with constantservicerate [5, 6] decaysasymptotically
with queuesizeas

P � � ��Nx����� BO� �n����N t Y txw 	 ) (57)

where� is a positiveconstantthatdependson thequeueservice
rate.Clearly(57)revealsthatP � � �~NX� decayslikeaWeibullian
law for fGn with ~ ��MQ] % , i.e.,muchslower thantheexponen-
tial decay(correspondingto ~  MQ] % ) predictedby short-range
dependent(SRD)classicalmodels[3].

For smallqueuesizesN , however, thesingleparameter~ does
not describeP � � �~Nx� accurately. TheLRD parameter~ cap-
turesonly theasymptoticdecaywith time scaleof thevariance
of traffic. More recentwork that refines(57) indicatesthat traf-
fic characteristicsat theCTS(39) impactsqueuingmorethan ~
[13–16,44,45]. This implies that the varianceof traffic at one
particulartime scaleimpactsP � � �~NX� morethan ~ (seeSec-
tion IV-B).

Here,we move beyondsecond-orderstatistics(i.e., variance
atmultiple timescales)anddemonstratetheimpactof theentire
marginal distribution of traffic at differenttime scaleson queu-
ing throughsimulationexperimentsandthequeuinganalysiswe
developedin SectionIV.

Our experimentssimulatesingle-server FIFO queuesof in-
finite buffer lengthsfed with real as well as synthetictraffic
traces.By comparingthequeuingbehavior of WIG andMWM
tracesthat have the samesecond-orderstatisticsbut different
marginals,we establishthe influenceof marginalson queuing.
Observefrom Figures7(a)and(b),whereweusedtheWAN traf-
fic traceAUCK, that therealandsynthetictracesexhibit asymp-
totic Weibullian tail queueprobabilities,in agreementwith the
theoreticalfindings for LRD traffic (compare(57)). However,
apartfrom this asymptoticmatch,the MWM is muchcloserto
thequeuingbehavior of therealtrace.Thelink capacitywe use
is
%
Mbps,resultingin autilization of + %.�

.
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In the experimentswith VIDEO (seeFigures7(c) and (d)),
which� is muchcloserto a GaussianprocessthanAUCK, we ob-
serve that both the WIG andMWM closelymatchthe correct
queuingbehavior. This confirmsthe influenceof marginalsand
also reassuresus that the MWM is flexible enoughto model
Gaussiantraffic. Gaussian-like traffic, which mustbe positive,
necessarilyhasameanat leastcomparableto its standarddevia-
tion. Sincefor a largemeanto standarddeviation ratio the log-
normalandGaussiandistributionsresembleeachotherclosely
(seeFigure6) , theapproximatelylognormalMWM is suitable
for Gaussiantraffic [26]. The link capacitywe useis /-4 Mbps,
whichcorrespondsto autilization of +3+ �

.
Acceptingthe MSQ as a closeapproximationto the actual

tail queueprobabilities, a closer look at (30) unravels how
the marginals affect queuesizes(recall Figure 7). For traffic
with heavier tailedmarginals,thetermsP X ��� % ô � P NZE$� % ô Y are
smallerandtheMSQlarger. Sincetheapproximatelylognormal
MWM marginalsaremoreheavy tailedthantheGaussianWIG
marginals,the MWM hasa larger MSQ thanthe WIG. This is
intuitively reasonable:larger burstsof traffic at different time
scaleslead to larger queuesizes. Recall from the histograms
of traffic (seeFigure5) andthemultifractal spectra(seeFigure
4 that the MWM closelymodelsthe large burstsof real traffic
well while theWIG doesnot. Consequently, theMWM captures
thequeuingbehavior of the “spiky” AUCK trace(seeFigure1),
while theWIG doesnot. However, in thecaseof VIDEO, which
shows marginalsmuchcloserto Gaussian(seeFigure6), both
theWIG andMWM performsimilarly.

Finally, the MSQ also explains why GaussianLRD traffic
givesriseto longerqueuesthanGaussianSRDtraffic (assuming
thesamemeanandvarianceat thefinesttime scale).TheLRD
traffic hasahighervariancethantheSRDtraffic atmultiple time
scales.TheLRD traffic thushasheavier tailedmarginalsatmul-
tiple timescalesandthushasa largerMSQ.

VI . CONCLUSIONS

Theimportanceof multiscalemodelsthatcapturethescaling
propertiesof traffic loadshasnow beenwell recognized[2, 26,
27,46]. In thispaper, weusedthemultiscaleGaussianWIG and
non-GaussianMWM to demonstratetheimpactof themarginals
of traffic at multiple timescaleson queuing.

Both theWIG andtheMWM arebuilt on binarytrees,which
allow fast ������	 algorithmsfor synthesizing� -point datasets.
By matchingthe varianceof a given traffic traceon all dyadic
scales,both modelscapturethe correlationstructurewith only
about

� B�� � parameters.We canreducethenumberof parame-
tersfurtherby developinga “linear” parametriccharacterization
of thecorrelationdecayreminiscentof theLRD parameter~ .

The main contribution of this paperis our multiscalequeu-
ing (MSQ)approach,whichprovidesaclosedform queuingfor-
mula for tree-basedmodelsvalid for any buffer size. Unlike
earlierwork onqueuingof LRD traffic [5,6], our formulais non-
asymptoticandtakesinto accounttheentireCDFof thetraffic at
differenttime scalesandnot just their variances.

The implicationsare manifold. First, the MSQ is applica-

ble to multiscalemodelssuchas the WIG and the MWM. As
a consequence,thesemodelsarenow viable for numerousnet-
working applications,including congestioncontrol, admission
control and cross-traffic estimationtechniques[31] as well as
non-networkingrelatedfieldsrequiringLRD models.

Secondandmost importantly, the MSQ is to our knowledge
the first analytical tool for assessingthe impact of multiscale
marginalson queuing. Earlier queuingexperimentshave sug-
gestedthat their influenceon the queuelengthdistributionsof
LRD traffic shouldnotbeneglected[36]. Confirmingthesefind-
ingswith themarginal-sensitive MSQ, we arenow ableto con-
cludethat indeedmodelingheavy-tailed spiky datawith Gaus-
sian modelscan lead to over-optimistic predictionsof the tail
queueprobability.

Thirdly, theMSQ closelyapproximatesthequeuingbehavior
of trainingdatausingstatisticsfrom just thedyadictime scales.
This confirmsthat dyadic time scales,thoughfew in number,
effectively capturethequeuingbehavior of traffic.

Our currentresearchis aimedatmakingtheMWM andMSQ
practicalfor numerousapplications.We have obtainedencour-
agingresultsin cross-traffic estimation[31]. Theparametersof
the MWM could alsobe usedto capturethe effect of different
protocolson shapingdataflow. In short,the useof the MWM
andthe MSQ in real-timenetwork protocolsandcontrol algo-
rithmsseemsverypromising.

APPENDIX A: PROOF OF LEMMA 1

We first spell out somenotation. By c3� and �9� we de-
note the probability density function (PDF) and CDF, respec-
tively, of a randomvariable   . Furthermore,we denoteby� �7¡ ¢ �Z£e	 the CDF of   conditionedon knowing the event [ .
For convenience,let usintroducetheauxiliary randomvariablesø¶�ï?   Z�ï?  b �ï? ¤� � ,ø ô ?  b ô u [ ô Y � ) "5"!" ) [ � and   ô ?  b ô u [ ô ) "5"!" ) [ � ) >áÀíM�"

(58)
To provetheLemma,it is enoughto show that�¦¥ ] ��� 	qÀ��9§ ] ��� 	 (59)� � -÷/ ¨

and
� > andthenset �  N ô .

We prove(59)by induction.First notethat � ¥ª© �D�(	¿À~� §'© �D�(	 .
Next, weassumethat(59)holdsfor > andshow thatit holdsalso
for >eE0M . Bayes’rule yields� � ] �D�(	  �¬«- ] H � J«3 ] H8® ] J ) if �*��N ôM ) otherwise ¯ À~�¦¥ ] ���(	 " (60)

The key to the proof is to notethat ø ô ± �    ô E � ô ± � , where� ô ± � is independentof bõ� andhenceof [K� for ³
�°> . In short,� ô ± � is independentof   ô . This factand(59) and(60) allow us
to write� ¥ ]8±.² �D�(	 

P �   ô E � ô ± � P ��� ³ TY T ³ � Y � ]�±´²Y T c � ] �{  ô 	�cCµ ]�±´² ��� ô ± � 	 d£ ô d� ô ± �



13 ³ TY T �7� ] �D�|�v� ô ± � 	lc µ ]8±.² ��� ô ± � 	 d� ô ± �À ³ TY T �9¥ ] �D�|�v� ô ± � 	�cCµ ]�±´² ��� ô ± � 	 d� ô ± �À ³ TY T � § ] ���ß�v� ô ± � 	lc µ ]8±.² �D� ô ± � 	 d� ô ± �
P � b ô E � ô ± � P ��� �¦§ ]�±´² �D�(	#" (61)

Thisprovestheclaimby induction. ¶
Let us now show that Lemma1 appliesto the WIG andthe

MWM for the events [ ô asgiven in (47). To this endwe need
only show that these[ ô canbewritten in theappropriateform.
Recall that accordingto (46) we have �$� %(� Y ô �  � ô � t ] Y � for
bothmodels.

WIG: Recallthat theWIG usesadditive innovations
² � � V ar-

rangedon a treeas in Figure2. It is immediatefrom (5) that�$� % � Y ô � becomes

��� % � Y ô �  � ô � t ] Y � �%>Y ô � � � � � ô Y ��� W � % � Y ô ² � � t � Y � " (62)

It suffices,thus, to set N ô  % ô NqE %(� � , � �  � � � � and
� ô � % ô Y � ² ô Y � � t�] � ² Y � .

MWM: The MWM employs the sametree structureas the
WIG, however, with multiplicative innovations ¾ � � V . Recalling
(8), �$� %(� Y ô � becomes

�$� % � Y ô �  � ô � t�] Y �  � � � � ô Y �ó� W � �lMq�ü¾v�!	#" (63)

Taking logarithms,it is a simpletaskto write the events [ ô in
therequiredform, this timeby settingN ô  � � �UNeE
� %(� Y ô 	 , � � � � ��� � � � 	 , and

� ô  � � �nM¿�I¾ ô Y � 	 .
APPENDIX B: PROOF OF LEMMA 2

We startby showing the existenceof the thresholdscalede-
finedin (54).

Theevents[ H ��J� dependonthebuffer size N�H �(J , thelink capac-
ity � H ��J at timescale

% Y �
, andthearriving workload � H �(J � % � Y ô � .

First of all, thebuffer is alwaysthesame,andso N�H �(JK N inde-
pendentlyof thedepth� of thetree.Second,� H �(JÝ�· � % Y � , where· � is thetotalnumberof bytesthatcanbeemptiedfrom thequeue
in onetime unit correspondingto the coarsestscale.Third and
finally, accordingto (8) and(9), �IH ��J � %(� Y ô �  � H �(Jô � t^] Y � , which is

in distribution equalto è ¾ Y � V ô Y �� W � �lMq�ü¾ � 	 . Note,thatwe do
not needto indicatethedepth � of thetree,sincethetreesgrow
“downwards” as � increases.Indeed,the multipliers at scale >
do not changewith � , sincenew onesareaddedat the bottom
of the tree. Togetherwith the fact that the ¾ ô aresymmetrical
randomvariables,this yields

P �8[ H �(J� � 
P X è ¾ Y � "!"5"x¾ � Y � P NÝE · � % Y � Y " (64)

For short,let uswrite ¸ ô ?  � B�� t ��¾ ô 	 andû � ?  � M� � B�� t �{N!] è E · � % Y � ± � ] è 	#" (65)

For any
ë �z\ , asimpleapplicationof theJenseninequalityand

independenceyieldstheChernoff bound:M¿� P �l[ H ��J� � 
P �i�j�nMQ] � 	#�U¸ Y � E0"5"!"�E¹¸ � Y � 	 P û � �
P � % H � H | � ² ±7º º º ± | �(� ² JDJ � % Y � � þ � �� / µ � % H � H | � ² ±9º º º ± | �(� ² JDJ �% Y � � þ � % � H Y �¼» �ª½ H � J Y � ± � þ � J " (66)

Hereweset(analogousto (21))� H �(J � ë 	  �ïM,�z�lMQ]Q� 	 � Y ��ô WZY � � B�� t / µ � ¾ �ô �7" (67)

Now, takinglogarithmsandminimizingover
ë �z\ yields�lMQ] � 	 � B�� t ¼ M¿� P � [ H ��J� � ½ � �8����	¾ � ¼ ë û � � � H �(J � ë 	 ½ ��M �ïM E ¼ � H ��J ½ � ��û � 	K�í�ïM (68)

providedthat û � is smallenoughthat y � H �(J { � ��û � 	 P \ . Herey � H �(J { �
is theLegendretransformof

� H ��J (see(19)). We refer
hereto Figure4, which recallsthe concave shapeof

���
, with

the smallerzero being positive but smaller than M . Also, we
point out that û � decreasesto \ andthat

� H �(J convergesto
�

,
implying thatthezeroof y � H ��J { �

will notchangegreatlyonce�
is large.

We can thus assumethat y � H �(J { � ��û � 	 is negative for all �
larger thansomecritical � , which is the conditionneededfor
completingthe proof rigorously. For � À � , we have thenMù� P� [ H �(J� �I� % Y � � % Y � which proves (54). Choosing¿ �  � B�� t �nM�� % Y � 	�]��n� % Y � 	 , weguaranteethat

� B�� t P� [ H �(J� � À� ¿ �o¼�M¿� P� [ H �(J� � ½ for all �vÀ�� . We concludethat� B�� t ��Àó� W � P � [ H �(J� � À � ¿ � ��À�� W � ¼ M¿� P � [ H �(J� � ½
À � ¿ � ��À�� W � %>Y � ÀU� ¿ � T�� W � %OY �
À � ¿ � % Y �,± � " (69)

Thuswemayestimatethe“neglectedterms”in MSQH � J
by M|ÀV
T� W � P� [ H ��J� � À % Y�Á © t �.Â ±´² , which leadstoM¿� MSQH � J À M¿� MSQH T JÀ ¼ M¿� MSQH � J ½ % Y�Á © t �.Â ±´² ¼ M¿� MSQH � J ½ �nM¿� % Y � 	 t " (70)
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Notethat(70)and(56)areequivalent. ¶
A practicalway of choosinga thresholdscale � is to apply

themultifractalformalism(18): thecondition y � H �(J { � ��û � 	 P \
meansin this context that no exponent û � is observed, since� � ��û � 	  \ . More precisely, all observed coarseHölder ex-
ponentsat scale

% Y �
(or � levels below the tree-root) û ��6l	 �j�nM ]#³>	 � B�� t u � �>� V u are larger than û � . With (65), this trans-

lates immediatelyto NmE · � % Y � ± � À u � �O� V u . A conservative
condition, which is easyto checkand which will ensurethaty � H �(J { � ��û � 	 P \ for ��Àò� , is thento requirethatNoÀ u � � � V u " (71)

whichagreeswith (55).
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